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A B S T R A C T
R e cen t  and  a n t i c i p a te d  advances  i n  c o m p u t e r  h a r d w a r e  
c a p a b i l i t i e s  have  m ade  h a r d w a r e  l i m i t a t i o n s  i n s i g n i f i c a n t  f o r  
m a n y  n u m e r i c a l  e n g in e e r in g  p r o b le m s .  The d i f f i c u l t i e s  of  
p r o g r a m m i n g  c o m p u t e r s  now c o n s t i t u t e  the g r e a t e s t  b l o c k  to  t h e i r  
e f f e c t i v e  u t i l i z a t i o n  by e n g in e e rs  and s c ie n t i s t s .  C o nsequ en t ly ,  
new la nguages  tha t  a r e  s p e c ia l i z e d  to n u m e r i c a l  e n g in e e r in g  
p r o b l e m s  a r e  needed.
R e lm a th  i s  such a language.  I t  i s  des igned  to so lve  o r d i n a r y  
d i f f e r e n t i a l  equa t ions  and to  m a n ip u la te  the r e s u l t i n g  fu n c t io n s .  
S ys tem s  of  equa t ions  can be s ta ted  i n  a n o r m a l  m a t h e m a t i c a l  f o r m  
and  s o lv e d  by  a s im p l e  s ta te m e n t .  P r i n t e d  and p lo t t e d  ou tpu t  
can be r e a d i l y  ob ta ined.
R e lm a th  a l s o  a l l o w s  the d e f i n i t i o n  o f  p r o c e d u r e s  f o r  s o lv in g  
d i f f e r e n t i a l  equa t ions .  I t s  p r o c e d u r a l  language  i s  qu i te  d i f f e r e n t  
f r o m  g e n e r a l  p r o g r a m m i n g  languages .  I t  i s  r e s t r i c t e d  to  a c e r t a i n  
c la s s  o f  a l g o r i t h m s ,  and the c a l c u la t i o n s  t h a t  a r e  c o m m o n  to  a l l  
these  m e th ods  a r e  m ade  i m p l i c i t  i n  the language.  The la nguage  
i s  h ig h l y  s u p p o r t i v e  f o r  p r o c e d u r e s  i n  t h is  c la s s .  The u s e r  
need o n l y  s ta te  the i m p o r t a n t  m a t h e m a t i c a l  s teps,  such as the 
f o r m u l a s  d e f in in g  a R u n g e - K u t t a  schem e o r  the m e th o d  of  e s t im a t i n g  
the e r r o r ,  i f  e r r o r  c o n t r o l  i s  d e s i re d .
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Some c o n s id e r a t io n s  f o r  the des ign  and  i m p l e m e n t a t i o n  o f  
n u m e r i c a l  e n g in e e r i n g  la nguages  a r e  d i s c u s s e d  us ing  R e lm a th  
as an ex a m p le .  The  d e c is io n s  in v o l v e d  i n  the d es ign  o f  R e lm a th  a r e  
de ta i led .  The  b e h a v io r  o f  a r e p r e s e n t a t i v e  n u m e r i c a l  a l g o r i t h m  
i n  a pag ing  e n v i r o n m e n t  i s  ana lyzed ,  w h ic h  shows the im p o r t a n c e  o f  
p r o p e r l y  des ig n in g  a l g o r i t h m s  f o r  such e n v i r o n m e n t s .  R e lm a t h ' s  
m e th o d  of  c o m p i l i n g  i t s  p r o c e d u r e s  i s  d iscussed .  The c o m p i l e d  
code i s  as f a s t  as s ta n d a rd  l i b r a r y  s u b ro u t in e s .  F i n a l l y ,  a p lan  
f o r  f u r t h e r  r e s e a r c h  to  deve lop  a m o r e  s u p p o r t i v e  e n v i r o n m e n t  
f o r  the i m p l e m e n t a t i o n  o f  s i m i l a r  languages  i s  ou t l ined .
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I .  I N T R O D U C T I O N
T h r o u g h o u t  t h e i r  h i s t o r y  c o m p u t e r s  have been used  to  so lve  
n u m e r i c a l  p r o b l e m s  a r i s i n g  i n  sc ience  and  e n g in e e r in g .  O r i g i n a l l y ,  
the r e s t r i c t e d  c a p a b i l i t i e s  o f  c o m p u t e r s  and t h e i r  expense  w e r e  the 
p r i m a r y  l i m i t a t i o n s  on t h i s  usage.  H o w e v e r ,  o v e r  the y e a r s ,  and 
e s p e c ia l l y  r e c e n t l y ,  c o m p u t e r  h a r d w a r e  has bec o m e  e n o r m o u s l y  
m o r e  p o w e r fu l  w h i l e  the c o s t  o f  a c h ie v in g  a g iv en  p e r f o r m a n c e  l e v e l  
has d ro p p e d  m a r k e d l y .  C o nsequ en t ly ,  h a r d w a r e  l i m i t a t i o n s  a r e  
no  l o n g e r  so i m p o r t a n t ,  and the d i f f i c u l t i e s  o f  p r o g r a m m i n g  now 
c o n s t i t u t e  the p r i m a r y  l i m i t a t i o n  on the e f f e c t i v e  use o f  c o m p u t e r s .  
A l g o r i t h m i c  languages  l i k e  F O R T R A N  w e r e  a f i r s t  s tep  t o w a r d  
eas ing  these  d i f f i c u l t i e s ,  bu t  they  do no t  go f a r  enough. E n g in e e r s  
and s c ie n t i s t s  who  a r e  no t  p r o f e s s io n a l  p r o g r a m m e r s  need 
languages  th a t  a r e  s t i l l  m o r e  s u p p o r t i v e  o f  t h e i r  w o r k  and f u r t h e r  
r educ e  the p r o g r a m m i n g  e f f o r t  r e q u i r e d  to  so lve  t h e i r  p r o b le m s .
T h i s  t h e s is  i s  c o n c e rn e d  w i t h  languages  tha t  m e e t  t h is  need. 
These  a r e  h i g h - l e v e l ,  a p p l i c a t i o n - o r i e n t e d  languages  w h ic h  a re  
s p e c ia l i z e d  to  n u m e r i c a l  e n g in e e r i n g  p r o b le m s .  T he y  a l l o w  u s e rs  
to  s ta te  t h e i r  p r o b l e m s  i n  a n o r m a l  and f a m i l i a r  m a t h e m a t i c a l  
f o r m  and  have  th e m  so lv e d  e a s i l y .  Hence,  they  s i g n i f i c a n t l y  
r e d u c e  the p r o g r a m m i n g  e f f o r t  needed to  so lve  these  p r o b le m s .
We w i l l  show the u s e fu ln e s s  of  these  la nguages  and d i s c u s s  t h e i r  
des ign  and im p le m e n t a t i o n .
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A s  a c o n c r e t e  and e x p l i c i t  e x a m p le ,  R e lm a th  w i l l  be p re s e n te d .  
T h i s  language  was  des igned  and im p l e m e n t e d  by the a u th o r .  I t  i s  
p r i m a r i l y  i n te n d e d  to  be used to  so lve  o r d i n a r y  d i f f e r e n t i a l  equa t ions ,  
bu t  i t  a l s o  has f a c i l i t i e s  f o r  e v a lu a t in g  and m a n ip u la t i n g  func t ions  
de f in ed  by  o th e r  m eans .  We w i l l  use i t  to  i l l u s t r a t e  the be n e f i t s  
o f  s p e c ia l i z e d  languages  w h ic h  enhance the u s e r s '  a b i l i t y  to so lve  
t h e i r  p a r t i c u l a r  p r o b le m s .
B a s e d  upon o u r  e x p e r ie n c e  w i t h  R e lm a th  and o th e r  languages ,  
we w i l l  then  e x a m in e  some aspec ts  o f  the des ign  and  im p l e m e n t a t i o n  
o f  h i g h - l e v e l ,  s p e c ia l i z e d  languages  and r e c o m m e n d  som e goa ls  
f o r  f u r t h e r  r e s e a r c h .  T h is  e x a m in a t i o n  w i l l  be d i v id e d  in to  f i v e  
p a r t s ,  w h ic h  w i l l  be c o v e r e d  i n  s e p a ra te  c h a p te r s .  These  p a r t s  a r e :
1. language des ign .  I t  is  i m p o r t a n t  f o r  a la nguage  to be n a t u r a l  
and h ig h l y  s u p p o r t i v e  w i t h i n  i t s  a p p l i c a t i o n  a re a .  To  i l l u s t r a t e  
how these goa ls  can  be a t ta ined ,  the d es ign  of  R e lm a th  i s  d i s c u s s e d  
i n  d e ta i l ,  w i t h  e m p h a s is  upon the c o n s id e r a t io n s  tha t  l e d  to the 
p r e s e n t  f o r m  of the language.  The s p e c ia l  c o n s id e r a t i o n s  in v o l v e d  
i n  des ign ing  the p r o c e d u r a l  p a r t  o f  R e lm a th ,  w h i c h  i s  v e r y  n a t u r a l  
f o r  w r i t i n g  c e r t a i n  c la s s e s  o f  a l g o r i t h m s  to  so lve  d i f f e r e n t i a l  
equa t ions ,  a r e  p re s e n te d .
2. n u m e r i c a l  m e th ods .  H i g h - l e v e l  languages  f o r  n u m e r i c a l  
e n g in e e r in g  p r o b l e m s  so lve  some p r o b l e m s  by  i n v o k in g  b u i l t - i n  
n u m e r i c a l  a l g o r i t h m s .  R e lm a th ,  f o r  e x a m p le ,  has a b u i l t - i n  
a l g o r i t h m  f o r  s o lv in g  o r d i n a r y  d i f f e r e n t i a l  equa t ions .  The  n u m e r i c a l
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c o n s id e r a t i o n s  in v o l v e d  i n  des ign ing  these  a l g o r i t h m s  a r e  d is c us s ed .
3. pag ing .  Since v i r t u a l  m e m o r y  e n v i r o n m e n t s  w i l l  be i n c r e a s i n g l y  
used, t h e i r  im p l i c a t i o n s  f o r  these  s p e c ia l i z e d  languages  m u s t  be 
c o n s id e r e d .  A n  a n a ly s i s  o f  the pag ing  c h a r a c t e r i s t i c s  o f  a 
r e p r e s e n t a t i v e  a l g o r i t h m  shows tha t  s p e c ia l i z e d  a l g o r i t h m s  a re  
needed f o r  e f f i c i e n t  o p e ra t io n .
4. c o m p i l i n g .  I t  i s  d e s i r a b le  to c o m p i l e  e f f i c i e n t  code f o r  c o m p u ta -  
t io n s  th a t  w i l l  be execu ted  re p e a te d ly .  T h is  o b je c t i v e  im p o s e s  
c e r t a i n  r e s t r i c t i o n s  on the la nguage  so tha t  e f f e c t i v e  o p t im i z i n g  
c o m p i l e r s  can be app l ied .  R e lm a t h ' s  c o m p i l i n g  techn ique  i s  
p re s e n te d .
5. s u p p o r t  f o r  la nguage  im p l e m e n t a t i o n .  The e a r l i e r  c h a p te r s  
d i s c u s s  la nguages  t h a t  h e lp  e n g in e e rs  and s c ie n t i s t s  to  m o r e  
e f f e c t i v e l y  u t i l i z e  c o m p u t e r s  by  r e d u c in g  the p r o g r a m m i n g  d i f f i c u l t i e s  
they  fa c e .  The i m p l e m e n t a t i o n  o f  such  la nguages  i s  a n o th e r  m a j o r  
t a s k  th a t  c u r r e n t l y  r e c e i v e s  l i t t l e  sup p o r t .  T h i s  l a r g e  i m p l e m e n t a t i o n  
e f f o r t  now b lo c k s  the re a d y  d e v e lo p m e n t  of  these  la nguages .  A  
p r o g r a m  is  p r e s e n te d  to deve lop  a m o r e  s u p p o r t i v e  e n v i r o n m e n t
f o r  t h e i r  im p le m e n t a t i o n .  T h is  e n v i r o n m e n t  a l s o  m a k e s  i t  e a s i e r  
to  m o d i f y  and i n t e r f a c e  these languages .
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I I .  T H E  R E L M A T H  L A N G U A G E
We w i l l  use R e lm a t h  as an e x a m p le  o f  a la nguage  f o r  
n u m e r i c a l  e n g in e e r i n g  p r o b l e m s .  I t  i s  a p r o to t y p e  language 
o r i e n te d  e s p e c ia l l y  t o w a r d  the s o lu t i o n  o f  o r d i n a r y  d i f f e r e n t i a l  
equa t ions .  I t  has been im p l e m e n t e d  und e r  the R E L  s y s te m  on an 
I B M  3 70 /15 5 .  T h is  c h a p te r  p r e s e n t s  the language ;  l a t e r  c h a p te r s  
w i l l  d i s c u s s  c e r t a i n  asp e c ts  o f  i t s  des ign .
We w i l l  f i r s t  p r e s e n t  a f o r m a l  s p e c i f i c a t i o n  o f  R e lm a t h ' s  
s y n ta x  and  s e m a n t i c s .  T h is  w i l l  be f o l l o w e d  by  som e e x a m p le s .  
The f o r m a l  p r e s e n ta t i o n  is  no t  in te n d e d  to  be a u s e r ' s  m a n u a l .  
Indeed ,  a n a t u r a l  language, such as R e lm a th ,  i s  b e t t e r  l e a r n e d  
f r o m  s o m e  e x a m p le s  and a c tu a l  usage than  f r o m  a m anua l .
F o r m a l  S p e c i f i c a t i o n  o f  R e lm a th
The m e ta la n g u a g e  used  to d e s c r ib e  R e lm a t h ' s  s y n ta x  is  
s i m i l a r  to o th e r  s y n ta x  la nguages .  M e ta la n g u a g e  nam es  a r e  in  
l o w e r  case and m a y  in c lu d e  the s y m b o l  _ ; upp e r  case  l e t t e r s  
and s p e c ia l  c h a r a c t e r s  denote t h e m s e lv e s  as tex t .  The s t r i n g  
: : = m eans  " i s  de f in ed  as. "  B r a c k e t s  [ ] enc lose  op t io n a l  
s t r i n g s .  A l t e r n a t i v e s  a r e  d e l i m i t e d  by the u n d e r l i n e d  w o r d  o r .  
A l t e r n a t i v e s  a r e  a l s o  i n d i c a te d  by  g i v in g  m o r e  than  one d e f i n i t i o n  
o f  a m e ta lan guage  nam e .  The nam e can  then  m e a n  any  o f  the 
a l t e r n a t i v e s  i n  any  o f  i t s  d e f in i t i o n s .  L i s t  o f  f o l l o w e d  by  a p l u r a l  
m e ta lan guage  nam e  denotes a l i s t  o f  a t  l e a s t  one o f  those  m e t a ­
language e n t i t i e s  s e p a ra te d  by  c o m m a s .
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F o r  e x a m p le ,
a r r a y _ l i s t  : : = l i s t  o f  a r r a y s  
m eans  the sam e  as
a r r a y _ l i s t  : : = a r r a y  o r  a r r a y _ l i s t ,  a r r a y  
S t r i n g  o f  i s  the sam e as l i s t  o f , bu t  the c o m m a s  a r e  o m i t t e d .
F o r  e x a m p le ,
n u m b e r  : : = s t r i n g  o f  d ig i t s  
m eans  the sam e as
n u m b e r  : : = d i g i t  o r  n u m b e r  d i g i t
A  l e t t e r  i s  any  o f  the usua l  a lp h a b e t i c  c h a r a c t e r s  
A ,  B ,  C, . . . , Z.  A  d i g i t  i s  a n u m e r i c  d i g i t  0, 1, . . . , 9.
A l l  i n p u t  i s  on c a r d s  i n  c o lu m n s  1 t h ro u g h  71. A  n o n - b la n k  
c h a r a c t e r  i n  c o l u m n  72 i n d ic a te s  th a t  the s ta te m e n t  i s  c o n t in u e d  on 
the n e x t  c a r d  i n  c o l u m n  1. E x c e p t  w i t h i n  c h a r a c t e r  s t r i n g s ,  a 
sequence of  b lanks  i s  e q u iv a le n t  to  one b lank ,  w h i c h  ac ts  as a 
n a m e  s e p a r a to r .
The  m e ta la n g u a g e  nam e  eos denotes the end o f  the s ta te m e n t .
The  s y n ta x  i s  p r e s e n te d  i n  the f o l l o w i n g  o r d e r :  nam es  and 
d e c la r a t i o n s ,  e x p r e s s io n s ,  i n c lu d in g  a r r a y s  and fu n c t io n s ,  
a s s i g n m e n t  s ta te m e n ts ,  d i f f e r e n t i a l  equa t ions  and  the S O L V E  
s ta te m e n t ,  ou tpu t  s ta te m e n ts ,  F O R  and  I F  c la u s e s ,  and  p r o c e d u r e s .
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N a m e s  and d e c la r a t io n s
n a m e c h a r  : : = l e t t e r  o r  d i g i t  o r  $  o r  # o r  @ o r  _  o r  ? o r  % 
nam e  : : = l e t t e r  s t r i n g  o f  n a m e c h a rs  
T h e r e  a r e  o t h e r  r e s t r i c t i o n s  on nam es  w h ic h  do no t  a p p e a r  i n  t h i s  
syn tax .  A  na m e  canno t
1. be the sam e  as any o f  the f u n c t i o n  nam es  i n  T a b le  1.
2. be SUM, P R O D ,  M A X ,  M I N ,  A N D ,  A L L ,  OR, o r
A N Y .
A  nam e  m u s t  be s e p a ra te d  f r o m  any  n a m e c h a r  by  som e o t h e r  type  
o f  c h a r a c t e r ,  p o s s i b l y  one o r  m o r e  b la n k s .  V i o la t i o n s  o f  these  
r e s t r i c t i o n s  m a y  cause a m b ig u i t i e s .
d e c l a r a t i o n  : : = l i s t  o f  nam es  : = da ta_ type  [ S] 
da ta_ type  : : = S C A L A R  o r  A R R A Y  s u b l i s t  o r  F U N C T I O N  
o r  A R R A Y  s u b l i s t  F U N C T I O N  
o r  A R R A Y  F U N C T I O N  [ S] s u b l i s t  
o r  C O N D IT IO N  F U N C T I O N  
o r  S Y S T E M  o r  E Q U A T I O N  
o r  I N D E P E N D E N T  V A R I A B L E  
o r  P R O C E D U R E  o r  D E P E N D E N T  V A R I A B L E  
o r  P R E C IS IO N
o r  A R R A Y  < * >  o r  S T E P  S IZ E  
o r  S T E P  N U M B E R  o r  D E R I V A T I V E  F U N C T I O N  
The  o p t io n a l  S a f t e r  the data type  has  no e f fec t .
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N a m e s  d e c la r e d  w i t h  a p a r t i c u l a r  data  type  a r e  r e p r e s e n t e d  
by  a c o r r e s p o n d in g  m e ta la n g u a g e  nam e,  as i n  the f o l l o w i n g  tab le :
M e ta la n g u a g e  nam e Data  type
s c a la r S C A L A R
a r r a y _ nam e A R R A Y  <s u b l i s t>
f u n c t io n _nam e F U N C T I O N
c o n d i t i o n_fu n c t i o n _nam e C O N D IT IO N  F U N C T I O N
a r r a y _ fu n c t io n _ nam e A R R A Y  F U N C T I O N  <sub l is t> ,
A R R A Y  < s u b l i s t>  F U N C T I O N
s y s te m _ nam e S Y S T E M ,  E Q U A T I O N
t I N D E P E N D E N T  V A R I A B L E
p r o c e d u r e _ nam e P R O C E D U R E
p r o c e d u r a l _ a r r a y A R R A Y  <*>
h S T E P  S IZ E
eps P R E C IS IO N
n S T E P  N U M B E R
df D E R I V A T I V E  F U N C T I O N
z D E P E N D E N T  V A R I A B L E
A  d e c l a r a t i o n  de f ines  the nam e ,  a l l o c a te s  s to ra g e  f o r  i t ,  
and i n i t i a l i z e s  the s to ra g e ,  i f  n e c e s s a r y .  A  s c a l a r  i s  i n i t i a l i z e d  
to ze ro ,  and a l l  e le m e n ts  o f  an a r r a y  a r e  i n i t i a l l y  z e r o . 
s u b l i s t  : : = < l i s t  o f  n _ e x p rs >
A n  n _ e x p r  i s  a n u m e r i c  e x p r e s s io n ,  w h i c h  w i l l  be f o r m a l l y  
de f in ed  l a t e r .  E a c h  e x p r e s s i o n  i s  e v a lu a te d  and  ro u n d e d  to an
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in t e g e r .  The  i n t e g e r  m u s t  be g r e a t e r  than  z e ro .  E a c h  i n t e g e r  i s  
a d im e n s io n  f o r  the a r r a y .  The  e le m e n ts  o f  the a r r a y  a r e  
s t o r e d  c o n t ig u o u s l y .  The  t o ta l  a r r a y  s ize ,  w h i c h  i s  the p r o d u c t  
o f  the d im e n s io n s ,  canno t  exceed  127.
A r r a y  fu n c t io n s  a l s o  have  d im e n s io n s  w i t h  the same 
m e a n in g  as f o r  a r r a y s .  A n  a r r a y  f u n c t io n  can  be though t  o f  as 
a f u n c t io n  whose  v a lu e  i s  an a r r a y  o r  as an a r r a y  w hose  e le m e n ts  
a r e  fu n c t io n s .
F u n c t i o n s  a r e  n u m e r i c  f u n c t io n s .  C o n d i t i o n  fu n c t io n s  a re  
fu n c t io n s  whose  v a lu e s  a r e  t r u e  o r  fa ls e .  S ys tem  nam es  r e f e r  to  
s y s te m s  o f  o r d i n a r y  d i f f e r e n t i a l  equa t ions .  The  r e m a in i n g  data 
types  a r e  a s s o c ia te d  w i t h  p r o c e d u r e s  and w i l l  be d i s c u s s e d  l a t e r .
N a m e s  f o r  s c a la r s ,  fu n c t io n s ,  c o n d i t i o n  fu n c t io n s ,  s y s te m s ,  
and  p r o c e d u r e s  need  no t  be d e c la re d .  A  nam e  m a y  o n l y  have one 
m e a n in g  a t  a t im e ,  bu t  i t  m a y  be used  f o r  d i f f e r e n t  e n t i t i e s  a t  
d i f f e r e n t  t im e s .  O n ly  the m o s t  r e c e n t  use i s  v a l i d .  A n  a s s ig n m e n t  
s t a te m e n t  sets the type  o f  a nam e  as w e l l  as i t s  va lue .
E x p r e s s i o n s
d i g i t _ s t r i n g  : : = s t r i n g  o f  d ig i t s  
n u m b e r 1 : : = d i g i t _ s t r i n g  o r  d i g i t _ s t r i n g .
o r  . d i g i t _ s t r i n g  o r  d i g i t _ s t r i n g  . d i g i t _ s t r i n g  
n u m b e r  : : = n u m b e r 1 o r  n u m b e r 1 E  d i g i t _ s t r i n g  
o r  n u m b e r 1 E  + d i g i t _ s t r i n g  
o r  n u m b e r 1 E  -  d i g i t _ s t r i n g
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The d i g i t  s t r i n g  a f t e r  an E  i n  a n u m b e r  is  a p o w e r  o f  ten;  the
v a lu e  o f  x E  ±  n i s  x · 10± n . The  v a lue  o f  a n u m b e r  i s  a lw a y s  a
double  p r e c i s i o n  f l o a t i n g  n u m b e r  on the I B M  S y s te m /3 7 0 .  I t  has
about  16 d e c im a l  d i g i t s  o f  p r e c i s i o n ,  and  i t s  m a g n i tu d e  can  be
0 o r  a p p r o x i m a t e l y  10-78 to  7· 107 5 . A l l  n u m e r i c  q u a n t i t i e s  i n
R e l m a t h  a r e  r e p r e s e n t e d  i n  t h is  f o r m .
p r i m i t i v e  : : = n u m b e r  o r  s c a l a r  o r  a r r a y _ e l e m e n t  
o r  f u n c t io n _ v a lu e  
o r  g e n e r a to r  va lue  o r  | n _ e x p r |  
o r  (n_exp r )
o r  L O G  B A S E  n _ e x p r  (n_exp r )  
f a c t o r  : : = p r i m i t i v e  o r  + f a c t o r  o r  -  f a c t o r  
o r  p r i m i t i v e  * *  f a c t o r
t e r m  : : = f a c t o r  o r  t e r m  *  f a c t o r  o r  t e r m / f a c t o r  
s um  : : = t e r m  o r  sum  + t e r m  o r  sum  - t e r m  
m o d u lu s  : : = sum  o r  m o d u lu s  M O D  sum 
n _ e x p r  : : = m o d u lu s
o r  I F  c o n d i t i o n  T H E N  n _ e x p r ,  [E L S E ]  n _ e x p r  
o r  m o d u lu s  I F  c o n d i t io n ,  [E L S E ]  n _ e x p r  
These  r u l e s  g ive  the s y n ta x  o f  a n u m e r i c  e x p r e s s i o n ;  the 
v a r i o u s  f o r m s  of  a p r i m i t i v e  w i l l  be de f in ed  l a t e r .  The  s e m a n t ic  
t r a n s f o r m a t i o n s  o f  these  r u le s  a r e  the usua l  a r i t h m e t i c  o p e r a t o r s  
o f  F O R T R A N ,  w i t h  som e  a d d i t io n s .  Thus ,  +, - ,  * ,  / ,  and  * *  
denote the b i n a r y  o p e ra t i o n s  o f  a d d i t io n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n ,
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d i v i s i o n ,  and e x p o n e n t i a t i o n ,  r e s p e c t i v e l y ;  + and -  a ls o  denote 
the u n a ry  o p e ra t i o n s  o f  u n a ry  p lus  and  nega t ion .  |x |  i s  the 
a bs o lu te  v a lu e  o f  x . L O G  B A S E  x(y)  i s  l o g  y / l o g  x .  x  M O D  y  = 
x -  |y | └ x / | y| ┘ , w h e r e  └Z┘ i s  the g r e a t e s t  i n t e g e r  l e s s  than  o r  
equal  to  z. Hence ,  0 ≤ x  M O D  y  < |y | f o r  a l l  x , y.  In  c o n d i t i o n a l  
e x p r e s s io n s  o f  the f o r m s  x  I F  u, E L S E  y  o r  I F  u T H E N  x , E L S E  y,  
i f  u  i s  t r u e  x  i s  eva lua ted ,  and y  i s  no t ;  o t h e r w i s e  y  i s  e v a lu a te d  
and x  i s  no t .  Hence ,  y  need no t  be m e a n in g f u l  when  u i s  fa ls e .
We now de f ine  B o o le a n  e x p r e s s io n s .
r e la t i o n _ o p  : : = = o r  < o r  > o r  <= o r  >= o r  ⌝ = o r  ⌝ < o r  ⌝ > 
s im p l e _ r e l a t i o n  : : = n _ e x p r  r e la t i o n _ o p  n _ e x p r  
r e l a t i o n  : : = s i m p l e _ r e l a t i o n
o r  r e l a t i o n  r e la t i o n _ o p  n _ e x p r
c o n d i t i o n _ p r i m i t i v e  : : = r e l a t i o n  o r  c o n d i t i o n _ fu n c t i o n _ v a lu e  
o r  c o n d i t i o n _ g e n e r a to r _ v a lu e  
o r  ( c o n d i t io n )
n e g a t io n  : : = c o n d i t i o n _ p r i m i t i v e  
o r  N O T  n e g a t io n  
c o n ju n t io n  : : = neg a t io n
o r  c o n ju n c t io n  A N D  ne g a t io n
d i s j u n c t i o n  : : = c o n ju n c t io n  o r  d i s j u n c t i o n  OR c o n ju n c t io n  
c o n d i t i o n  : : = d i s j u n c t i o n
T he se  r u le s  de f ine  c o n d i t io n s ,  o r  B o o le a n  e x p r e s s io n s .  In  a 
r e l a t i o n  o f  the f o r m  r e l a t i o n  r e la t i o n _ o p  n _ e x p r ,  the o p e r a t o r  i s
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a p p l i e d  to  the l a s t  n u m b e r  o f  the i n n e r  r e l a t i o n  and the n _ e x p r ,  
and  the r e s u l t  i s  anded w i t h  the t r u t h  v a lu e  o f  the  i n n e r  r e la t i o n .  
Hence ,  the v a lue  o f  a r e l a t i o n  i s  a p a i r ,  a t r u t h  v a lue  and the 
v a lu e  o f  the l a s t  n _ e x p r  i n  i t .  T h is  i n t e r p r e t a t i o n  m eans  t h a t  
1 < x  < 2 has i t s  usua l  m a t h e m a t i c a l  m e a n in g .
The  re la t i o n _ o p s  denote the f o l l o w i n g  r e l a t i o n s :
= equal ⌝ = no t  equa l
<  le s s  than <=, ⌝ > le s s  than  o r  equal
> g r e a t e r  than >=, ⌝ < g r e a t e r  than  o r  equal
The o th e r  r u le s  have t h e i r  usua l  i n t e r p r e t a t i o n s .
F u n c t i o n s
The nam es  l i s t e d  i n  T ab le  2 -1  a r e  f u n c t io n  n a m e s .  The 
d e f i n i t i o n s  o f  the fu n c t io n s  a r e  a ls o  g i v e n .
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F u n c t i o n  nam e F u n c t i o n  d e f i n i t i o n
L O G ,  L N ,  L O G 10 l o g ex, l o g e x , l o g 1 0 x
E X P ex
SORT √x
SIN, COS, T A N T r i g o n o m e t r i c  f u n c t io n s ,  
a r g u m e n t s  i n  r a d ia n s
SIND, COSD, T A N D Same, a r g u m e n t s  i n  d eg re es
AS IN ,  ACOS, A T A N sin-1 x , cos-1 x , tan -1 x
A T A N  (x , y) = A T A N  ( y / x ) ,  v a lue  
i n  p r o p e r  q u a d ra n t
A S IN D ,  AC O S D,  A T A N D Same, va lu e s  i n  deg rees
SINH, COSH, T A N H H y p e r b o l i c  t r i g o n o m e t r i c  fu n c t io n s
E R F ,  E R F C
G A M M A ,  L G A M M A
A B S | x |
F L O O R └ x ┘ = g r e a t e s t  i n t e g e r  ≤ x
C E I L ┌ x ┐  = l e a s t  i n t e g e r  ≥ x
SIGN 1 i f  x  > 0, 0 i f  x = 0, - 1 i f  x <  0
R O U N D in te g e r  n e a r e s t  x 
= SIGN (x ) · F L O O R  ( | x |  + .5 )
T R U N C in te g e r  p a r t  of  x  = SIGN (x ) · 
F L O O R  ( | x |  )
M O D M O D (x ,  y) = x  M O D  y  = x - | y |  . 
F L O O R  (x /  | y | )
Ta b le  2 -1 .  B u i l t - i n  R e lm a th  f u n c t io n s
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f u n c t i o n  va lue  : : = t o ta l_ f u n c t i o n  a r g l i s t  
o r  g e n e r a to r  a r g l i s t
t o t a l_ f u n c t io n  : : = f u n c t io n _ n a m e  [ s t r i n g  o f ' s ]  
o r  t o ta l  a r r a y _ f u n c t i o n  s u b l i s t  
o r  a r r a y _ fu n c t i o n _ n a m e  s u b l i s t  s t r i n g  o f 's 
t o t a l_ a r r a y _ f u n c t i o n  : : = a r r a y _ f u n c t i on_nam e  [ s t r i n g  o f ' s ]  
a r g l i s t  : : = (l i s t  o f  a r g u m e n ts )  
a r g u m e n t  : : = n _ e x p r  o r  c o n d i t i o n  o r  a r r a y  
o r  t o ta l_ f u n c t i o n  
o r  t o t a l  a r r a y _ f u n c t i o n  
o r  c o n d i t io n _ fu n c t i o n _ n a m e  
o r  t e m p o r a r y _ n u m b e r _ f u n c t i o n  
o r  t e m p o r a r y _ c o n d i t i o n _ f u n c t i o n  
g e n e r a to r  : : = SUM o r  P R O D  o r  M A X  o r  M I N
T h is  s y n ta x  shows how fu n c t io n s  a r e  used. The s y n ta x  f o r  
t e m p o r a r y  f u n c t io n s  depends on som e f o r m s  used  i n  d e f in in g  the 
s y n ta x  o f  a f u n c t io n  a s s i g n m e n t  s ta te m e n t .  T h a t  d e f i n i t i o n  w i l l  
be g iv e n  l a t e r ,  and then  the n o ta t io n  f o r  t e m p o r a r y  f u n c t io n s  w i l l  
be de f ined .
A  ' f o l l o w in g  a f u n c t io n  nam e  denotes d i f f e r e n t i a t i o n ;  the 
o r d e r  o f  the d e r i v a t i v e  equa ls  the n u m b e r  o f  quo te s y m b o ls .  A r r a y  
f u n c t io n s  can a l s o  be d i f f e r e n t i a t e d ;  the quotes m a y  be e i t h e r  
b e fo r e  o r  a f t e r  the s u b l i s t .
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N u m e r i c  f u n c t io n s  can  be de f in ed  by  a f o r m u l a  i n  a f u n c t io n  
a s s i g n m e n t  s ta te m e n t  o r  by  a tab le  of  n u m e r i c  v a lu e s .  Such a 
tab le  i s  c o n s t r u c t e d  by s o l v in g  a s y s te m  o f  d i f f e r e n t i a l  equa t ions  
f o r  the fu n c t io n .  A r r a y  fu n c t io n s  can on ly  be de f in ed  by  such 
ta b le s .  F u n c t i o n s  d e f in e d  by n u m e r i c  tab les  can be d i f f e r e n t i a t e d  
as m a n y  t im e s  as t h e i r  m a x i m u m  o r d e r s  i n  the s y s te m s  used 
to c o m p u te  t h e i r  v a lu e s .  Those  de f in e d  by  f o r m u l a s  can n o t  be 
d i f f e r e n t i a t e d .
When a fu n c t io n  de f in ed  by  a tab le  i s  i n v o k e d  i n  a f u n c t i o n _ -  
v a lue ,  i t  m u s t  have  o n ly  one a r g u m e n t .  T h i s  a r g u m e n t ' s  v a lue  
m u s t  be w i t h i n  the range  c o v e r e d  by  the tab le .  The  d o m a in  v a lue  
c lo s e s t  to  the a r g u m e n t  i s  found  i n  the tab le ,  and  the c o r r e s p o n d in g  
range  v a lu e  i s  r e tu rn e d .  The  same th in g  i s  done f o r  a r r a y  fu n c t io n s ;  
the v a lue  i s  the a r r a y  a s s o c ia te d  w i t h  the n e a r e s t  d o m a in  po in t .
The g e n e r a to r s  can  have any n u m b e r  o f  a r g u m e n t s .  They  
r e t u r n  the sum ,  p r o d u c t ,  m a x i m u m ,  o r  m i n i m u m ,  r e s p e c t i v e l y ,  
o f  the a r g u m e n t s .
A r r a y s
a r r a y  : : = a r r a y _ n a m e  o r  t o t a l _ a r r a y  f u n c t io n  a r g l i s t  
o r  a r r a y _ fu n c t i o n _ n a m e  a r g l i s t  s t r i n g  o f 's
a r r a y  e le m e n t  : : = a r r a y  s u b l i s t
The  n u m b e r  o f  n _ e x p rs  i n  the s u b l i s t  m u s t  equal  the n u m b e r  
o f  d im e n s io n s .  E a c h  n _ e x p r  x i  i s  e v a lu a te d  and roun d e d  to  an
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i n t e g e r  K i . E a c h  K i m u s t  s a t i s f y  1 ≤ K i ≤ di  w h e r e  d i  i s  the 
c o r r e s p o n d in g  d im e n s io n .  The va lue  o f  t h is  e le m e n t  o f  the a r r a y  
i s  used.
G e n e r a t o r  f u n c t io n s
g e n e r a to r  va lue  : : = g e n e r a to r  F O R  v a r  = range  (n _ exp r )  
o r  F IR S T  v a r  = range  SUCH T H A T  ( c ond i t ion )  
o r  F I R S T  v a r  = range  ST (cond i t ion )  
v a r  : : = nam e  
p r i m i t i v e  : : = v a r
range  : : = i n i t r n g  T O  end rng  B Y  i n c r n g  
o r  i n i t r n g  B Y  i n c r n g  T O  end rng  
o r  i n i t r n g  TO  end rn g  
o r  i n i t r n g ,  n e x t r n g ,  . . . , end rn g  
o r  i n i t r n g ,  . . . , end rn g  
i n i t r n g  : : = n _ e x p r  
i n c r n g  : : = n _ e x p r  
end rn g  : : = n _ e x p r  
n e x t r n g  : : = n _ e x p r
A  range  de f ines  a sequence o f  va lu e s .  In  the t h i r d  f o r m ,  
i n c r n g  i s  i m p l i c i t l y  one, e xcep t  i n  a F O R  c la u s e  on S O L V E  and 
P L O T  s ta te m e n ts .  Then  i n c r n g  = ( e n d r n g - i n i t r n g ) / 100. The 
f o u r t h  f o r m  i s  e q u iv a le n t  to the f i r s t  w i t h  i n c r n g  = n e x t r n g - i n i t r n g .  
F o r m  5 i s  e q u iv a le n t  to  f o r m  3. F i n a l l y ,  the sequence i s  i n i t r n g ,
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i n i t r n g  + i n c r n g ,  i n i t r n g  + 2 i n c r n g ,  . . . , i n i t r u g  + n · i n c r n g ,  w h e r e  
n = F L O O R  ( ( e n d r n g - i n i t r n g ) / i n c r n g ) .  I f  n < 0, the ra n g e  i s  n u l l .
A  v a r  i s  j u s t  a p l a c e - h o l d e r  f o r  the c u r r e n t  v a lu e  o f  the 
range  sequence.  These  va lu e s  do no t  a f f e c t  the v a lu e s  o f  the 
s am e  nam e  e l s e w h e re .  The v a r  m a y  be used  i n  the n _ e x p r  
o r  c o n d i t i o n  as a n u m e r i c  p r i m i t i v e ,  as the sy n ta x  shows.
The  v a lue  o f  the f i r s t  f o r m  of  a g e n e r a to r_ v a lu e  i s  the 
sum ,  p r o d u c t ,  m a x i m u m ,  o r  m i n i m u m  of the v a lu e s  th a t  the 
n _ e x p r  takes  on f o r  the va lues  o f  v a r  i n  the range .  The  tw o  f o r m s  
i n v o l v i n g  F IR S T  a r e  equ iva len t .  The  v a lu e  i s  the f i r s t  v a lue  
o f  v a r  i n  the range  such th a t  the c o n d i t i o n  i s  t r u e .  I f  the c o n d i t i o n  
i s  no t  t r u e  f o r  any  v a lu e  i n  the range ,  the ou tp u t  i s  K ,  the 
m a x i m u m  n u m b e r  r e p r e s e n t a b le  i n  R e lm a th .  K  i s  a p p r o x im a t e l y  
7 · 1075 .
I f  the ra n g e  i s  n u l l ,  the g e n e r a to r  f u n c t io n s  have the 
f o l l o w i n g  v a lu e s :
o p e r a t o r v a lue  i f  range  i s  n u l l
SUM 0
P R O D 1
M A X - K
M I N K
F IR S T K
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C o n d i t i o n  fu n c t io n s  and  g e n e r a to r s
c o n d i t i o n _ fu n c t i o n _ v a lu e  : : = c o n d i t io n _ fu n c t i o n _ n a m e  a r g l i s t  
o r  c o n d i t io n _ fn  a r g l i s t
c o n d i t i o n _ f n  : : = A N D  o r  A L L  o r  OR o r  A N Y
The  c o n d i t i o n  f u n c t io n s  a r e  d e f in e d  by f u n c t io n  a s s ig n m e n t  
s ta te m e n ts ,  w h i c h  w i l l  be d i s c u s s e d  l a t e r .  The a r g u m e n t s  o f  the 
b u i l t - i n  f u n c t io n s  A N D ,  A L L ,  OR, and A N Y  can be any  n u m b e r  of  
c o n d i t io n s .  The  f i r s t  two  c o m p u te  the c o n ju n c t io n  o f  the a r g u m e n t s ,  
and  the l a s t  two  c om pu te  t h e i r  d i s ju n c t i o n .
c o n d i t i o n _ g e n e ra to r_ v a lu e  : : = F O R  c o n d i t i o n _ g e n e r a to r  
v a r  =  range  (con d i t io n )
c o n d i t i o n _ g e n e r a to r  : : = A L L  o r  S O M E  o r  A N Y
SO M E and A N Y  a r e  e qu iva len t .  T he y  c o m p u te  the d i s j u n c t i o n  o f  
the c o n d i t i o n  va lu e s  ob ta ined  by  s tepp ing  v a r  t h ro u g h  the range ,  and 
A L L  c o m p u te s  the c o n ju n c t io n .  I f  the range  i s  n u l l ,  A L L  r e t u r n s  
t r u e ,  and SOM E and A N Y  r e t u r n  fa ls e .
A s s i g n m e n t  s ta te m e n ts
a s s i g n m e n t  : : = s c a l a r  = n_e x p r
o r  a r r a y _ n a m e  s u b l i s t  = n _ e x p r
In  the second f o r m  the s u b l i s t  m u s t  c o n f o r m  to  the sam e 
r e s t r i c t i o n s  as i n  the case o f  an  a r r a y _ e l em en t .  The  n _ e x p r  i s  
eva lua ted ,  and i t s  v a lue  i s  a s s ig n e d  to the s c a l a r  o r  a r r a y  e le m e n t .
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F u n c t i o n  a s s i g n m e n t  s ta te m e n ts
fu n c t io n _ a s s ig n m e n t  : : = f u n c t io n _ n a m e  p a r m l i s t  = n_ e x p r  
o r  c o n d i t i o n _ fu n c t i o n  nam e  p a r m l i s t  = c o n d i t i o n  
p a r m l i s t  : : = ( l i s t  o f  p a r a m e t e r s )  
p a r a m e t e r  : : = n u m b e r _ v a r  o r  a r r a y _ v a r  
o r  f u n c t io n  v a r  o r  a r r a y _ f u n c t i o n _ v a r  
o r  c o n d i t i o n  v a r  
o r  c o n d i t i o n _ fu n c t i o n _ v a r  
p r i m i t i v e  : : = n u m b e r  v a r  
a r r a y  : : = a r r a y  v a r  
fu n c t io n _ n a m e  : : = f u n c t i o n _ v a r  
a r r a y _ fu n c t i o n _ n a m e  : : = a r r a y _ f u n c t i o n _ v a r  
c o n d i t i o n _ p r i m i t i v e  : : = c o n d i t i o n _ v a r  
c o n d i t i o n _ fu n c t i o n _ n a m e  : : = c o n d i t i o n  f u n c t io n  v a r  
n u m b e r  v a r  : : = nam e  
a r r a y _ v a r  : : = nam e  
fu n c t i o n _ v a r  : : = nam e  
a r r a y  f u n c t i o n _ v a r  : : = nam e  
c o n d i t i o n _ v a r  : : = nam e  
c o n d i t i o n _ fu n c t i o n _ v a r  : : = nam e
The nam es  w h ic h  a p p e a r  i n  the p a r m l i s t  a r e  f o r m a l  p a r a m e ­
t e r s .  T he y  can be used  as n u m b e r s ,  a r r a y s ,  c o n d i t io n s ,  e tc .  as 
shown i n  the syn tax .  T he y  s e r v e  o n ly  as p l a c e - h o l d e r s  f o r  the
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a c tu a l  a r g u m e n t s .  N e i t h e r  t h i s  s t a te m e n t  n o r  the use o f  the fu n c t io n  
a f fe c ts  any  va lu e s  a s s o c ia te d  w i t h  these  nam es  i n  any  way.
T h i s  s t a te m e n t  de f ines  the f u n c t io n  o r  c o n d i t i o n  f u n c t i o n  by  
a f o r m u l a .  When the f u n c t io n  i s  used  i n  a f u n c t i on_va lue  o r  
c o n d i t i o n _ fu n c t i o n _ v a lu e ,  the a r g u m e n t s  a r e  s u b s t i t u t e d  f o r  the 
f o r m a l  p a r a m e t e r s .  The v a lue  o f  the  f u n c t io n  i s  then  o b ta in e d  by  
e v a lu a t in g  the f o r m u l a .  To  do t h i s ,  the a r g u m e n t s  m u s t  a g re e  
w i t h  the p a r a m e t e r s .  A n  n _ e x p r  can be s u b s t i t u t e d  f o r  a n u m b e r  v a r ,  
an  a r r a y  f o r  an a r r a y _ v a r ,  and a c o n d i t i o n  f o r  a c o n d i t i o n _ v a r .
T o t a l_ a r r a y _ fu n c t io n s  can  be s u b s t i t u t e d  f o r  a r r a y  f u n c t io n _ v a r s .  
T o t a l_ fu n c t io n s  and  t e m p o r a r y _ n u m b e r _ f u n c t i o n s  can be s u b s t i t u t e d  
f o r  f u n c t i o n _ v a r s ,  and c o n d i t i o n _ fu n c t i o n _ n a m e s  and t e m p o r a r y _  
c o n d i t i o n _ fu n c t io n s  f o r  c o n d i t i o n _ fu n c t i o n _ v a r s .
A  f u n c t io n  can be r e d e f in e d ,  p e rh a p s  w i t h  d i f f e r e n t  
p a r a m e t e r s .  I t  can  a l s o  be changed  f r o m  one d e f in e d  by a tab le  
to  one d e f in e d  by  a f o r m u l a  o r  v i c e  v e r s a .  W h e n e v e r  the f u n c t io n  
i s  in v o k e d ,  i t s  m o s t  r e c e n t  d e f i n i t i o n  i s  used.
F u n c t i o n s  m a y  be r e c u r s i v e .
T e m p o r a r y  f u n c t io n  a r g u m e n t s
We now g ive  the s y n ta x  f o r  t e m p o r a r y  f u n c t io n s .  
t e m p o r a r y _ n u m b e r _ f u n c t i o n  : : = F U N C T I O N  p a r m l i s t :  n _ e x p r  
t e m p o r a r y _ c o n d i t i o n _ f u n c t i o n  : : =
F U N C T I O N  p a r m l i s t  : c o n d i t i o n
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T h i s  n o ta t io n  de f ines  a f u n c t io n  w h ic h  i s  the a r g u m e n t  o f  
a n o th e r  f u n c t io n .  The  p a r a m e t e r s  o f  the de f in ed  f u n c t io n  a r e  g iven
i n  the p a r m l i s t .  The n _ e x p r  o r  c o n d i t i o n  i s  a f o r m u l a  tha t
de f ines  a f u n c t io n  o f  these  p a r a m e t e r s .  F o r  e x a m p le ,
F U N C T I O N  (X ,  Y ) :  X  * *  2 + Y * *  2
de f ines  a fu n c t io n  a r g u m e n t  f  w h e r e  f (x ,  y )  = x 2 + y2 .
S y s tem s  and the S O L V E  s ta te m e n t  
p r i m i t i v e  : : = t o ta l_ fu n c t io n  
equ a t ion  : : = n _ e x p r  = n _ e x p r  
o r  equa t ion  F O R  v a r  = range  
i n i t i a l _ c o n d i t i o n  : : = t o ta l_ f u n c t io n  = n _ e x p r  
o r  i n i t i a l _ c o n d i t i o n  F O R  v a r  = range  
eq1_ i t e m  : : = equa t ion  o r  [ W I T H ]  [ I N I T I A L ]  
i n i t i a l _ c o n d i t i o n  o r  s y s te m _ nam e 
equa t ion_ l i s t  : : = l i s t  o f  eq1_i t e m s  
s y s a s g n 1 : : = s y s te m _ n a m e :  equa t ion_ l i s t  
eq1_ s t a t e m e n t  : : = equ a t ion_ l i s t  eos 
sysasgn2  : : = B E G I N  s y s te m _ n a m e  eos 
s t r i n g  o f  eq1_s ta te m e n ts  
E N D  s y s te m _ n a m e
s y s t e m _ a s s ig n m e n t  : : = s y s a s g n 1 o r  sysasgn2
In  an equa t ion ,  the unknown fu n c t io n s  a r e  r e p r e s e n t e d  by 
d e r i v a t i v e s  w i t h o u t  a r g u m e n t  l i s t s .  A n  i n i t i a l  c o n d i t i o n  s p e c i f i e s  
the i n i t i a l  v a lu e  of  s om e  fu n c t io n .  The  F O R  c la u s e s  on equa t ions
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and  i n i t i a l  c o n d i t io n s  a l l o w  th e m  to  be i t e r a t e d  f o r  v a r i o u s  va lu e s  
o f  som e a r r a y  s u b s c r ip t .
The  f i r s t  type  o f  s y s te m  a s s i g n m e n t  i s  used  f o r  s m a l l  
s y s te m s .  The s y s te m  c o n s i s t s  o n l y  o f  the eq1_ i t e m s  i n  t h is  
s ta te m e n t .  The second type  i s  r e a l l y  a c o m p o u n d  s ta te m e n t ,  s ince  
i t  spans s e v e r a l  in p u t  s ta te m e n ts .  The s y s te m  c o n s i s t s  o f  a l l  
the eq1_ i t e m s  be tween  the B E G I N  and E N D .  A c t u a l l y ,  the 
s y n ta x  r u l e s  a r e  i n c o m p le t e .  O th e r  types  o f  s ta te m e n ts  bes ide  
eq1_ s t a t e m e n ts  can  app e a r  be tw een  the B E G I N  and EN D.  E ven  
o t h e r  s y s te m _ a s s ig n m e n ts  can app ea r .  H o w e v e r ,  these s ta te m e n ts  
a r e  no t  p a r t  o f  the s y s te m  d e f i n i t i o n  and  c o u ld  j u s t  as w e l l  a p p e a r  
o u ts id e  i t .
S ys tem  nam es  a r e  a l l o w a b le  eq1_i t e m s .  Hence,  s y s te m s  
can  have  s u b s y s te m s ,  bu t  not  r e c u r s i v e l y .  When the  s y s te m  i s  
used, the c u r r e n t  d e f in i t i o n s  of  i t s  s u b s y s te m s  a r e  expanded 
u n t i l  no s u b s y s te m s  r e m a in .  A l l  the r e s u l t i n g  equat ions  a r e  i n  
the s y s te m .  So a r e  a l l  the i n i t i a l  c o n d i t io n s ,  bu t  t h e i r  o r d e r  i s  
i m p o r t a n t .  C o n d i t i o n s  o v e r r i d e  c o n d i t io n s  on t h e i r  l e f t  o r  i n  
e a r l i e r  e q u a t io n _ s ta te m e n ts  and  a l s o  i n  s u b s y s te m s  to  the l e f t  
o r  above.
s o l v e _ s ta te m e n t  : : = S O L V E  equa t ion_ l i s t
F O R  s c a l a r  =  range  [ w i t h  P R E C IS IO N  = n _ e x p r ]
w i t h  : : = , o r  W IT H  
o r , W I T H
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T h i s  s ta te m e n t  so lves  the d i f f e r e n t i a l  equa t ion  s y s te m  
de f in ed  by  the  equa t ion  l i s t  and i t s  s u b s y s te m s  and saves the 
va lu e s  o f  the unknown fu n c t io n s  and  t h e i r  d e r i v a t i v e s  f o r  va lues  
o f  the s c a l a r  i n  the range .  I f  no i n c r e m e n t  i s  s p e c i f i e d  i n  the 
range ,  i t  i s  taken  to  be 1 /100  t im e s  the end v a lu e  m in u s  the i n i t i a l  
v a lue .  The end v a lue  can no t  be le s s  than the i n i t i a l  v a lue ,  and 
the i n c r e m e n t  m u s t  be p o s i t i v e .  T h is  i s  the o n l y  s ta te m e n t  th a t  
de f ines  a f u n c t io n  by  a tab le .
The  s c a l a r  i n  the F O R  c la u s e  i s  the in depe nden t  v a r i a b l e  
o f  the s y s te m .  I t  m a y  a l s o  app e a r  i n  the equa t ions .  I t s  va lue  
i s  und e f in e d  a f t e r  the S O L V E  s ta te m e n t  i s  execu ted .  The dependent  
v a r i a b l e s  o f  the s y s te m  a r e  the f u n c t io n s  and a r r a y  fu n c t io n s  
w h ic h  a p p e a r  w i t h o u t  a r g u m e n t  l i s t s .  A n y  o th e r  f u n c t io n  i s  an 
a u x i l i a r y  f u n c t io n  w h ic h  m u s t  be known.  A n  unknown fu n c t io n  nam e 
is  used  as a n u m e r i c  p r i m i t i v e ;  i t s  dependence on the in dependen t  
v a r i a b l e  i s  i m p l i c i t .
C e r t a i n  r e s t r i c t i o n s  e x i s t  on the equa t ions .  T h e y  m u s t  
be l i n e a r  i n  the m a x i m a l  o r d e r  d e r i v a t i v e s  o f  the unknowns ;  they  
m a y  be n o n - l i n e a r  i n  the l o w e r - o r d e r  d e r i v a t i v e s  . The s y s te m  
m u s t  be t r i a n g u l a r  i n  the m a x i m u m  o r d e r  d e r i v a t i v e s .  I f  an 
unknown i s  an a r r a y  fu n c t io n ,  two  m a x i m a l  d e r i v a t i v e s  w i t h  
d i f f e r e n t  s u b s c r i p t s  can  no t  app e a r  i n  the sam e equat ion .  The 
s ta n d a r d  m e th o d  f o r  s o lv in g  the s y s te m  w i l l  no t  so lve  s t i f f  s y s te m s .
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The  s y s te m  w i l l  be s o lv e d  by a b u i l t - i n ,  f o u r t h - o r d e r  
m e th o d  t h a t  c o m b in e s  a R u n g e - K u t t a  schem e and an A d a m s -  
M o u l t o n  p r e d i c t o r - c o r r e c t o r  m e th od .  The s tep s ize  i s  a u t o m a t i c a l l y  
c o n t r o l l e d  to keep  the e s t im a t e d  l o c a l  r e l a t i v e  t r u n c a t i o n  e r r o r  
be low  the r e q u e s te d  p r e c i s i o n .  H o w e v e r ,  o n ly  the c o m p u te d  va lu e s  
f o r  the v a lu e s  o f  the in dependen t  v a r i a b l e  s p e c i f i e d  i n  the range  
a r e  saved.  The  d e r i v a t i v e s  a r e  saved  th ro u g h  the m a x i m a l  o r d e r s .  
O n ly  these  d e r i v a t i v e  va lu e s  can  be re q u e s te d  i n  l a t e r  s t a te m e n ts ;  
h i g h e r - o r d e r  d e r i v a t i v e s  canno t  be used.  The  m e th o d  w i l l  
t e r m i n a t e  w i t h  an e r r o r  m e s s a g e  i f  the s tep  s ize  m u s t  be r e d u c e d  
to le s s  than  2-10 =  1 /1024  t im e s  the range  i n c r e m e n t .
The p r e c i s i o n  can be se t  f o r  j u s t  one S O L V E  s ta te m e n t  by  
add ing  the P R E C IS IO N  c la u s e  to the s ta te m e n t .  I t  can  a l s o  be 
se t  g l o b a l l y  by  a P R E C IS IO N  s ta te m e n t .
p rec is ion_ _s ta tem en t  : : = P R E C IS IO N =  n _ e x p r  
T h i s  s t a te m e n t  se ts  the g lo b a l  p r e c i s i o n ,  w h i c h  r e t a in s  t h i s  v a lue  
u n t i l  a n o th e r  P R E C IS IO N  s ta te m e n t  i s  execu ted .  The g lo b a l  
p r e c i s i o n  i s  used  to c o n t r o l  the s tep s ize  f o r  any  S O L V E  s ta te m e n t  
w h i c h  does no t  have a P R E C IS IO N  c la use .  The  d e fa u l t  g loba l
p r e c i s i o n  o f  10-4 i s  i n  e f f e c t  u n t i l  the f i r s t  P R E C IS IO N  s ta te m e n t .
P R I N T  s ta te m e n ts
p lo t_ e le m e n t  : : = n _ e x p r  o r  a r r a y  
ou t _ e lem e n t  : : = p l o t _ e l e m e n t  o r  c o n d i t i o n  
o u t _ l i s t  : : = l i s t  o f  o u t_ e le m e n ts
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p r i n t _ s t a t e m e n t 1 : : = P R I N T  o u t _ l i s t  
o r  P R I N T  ou t_ l i s t  I N  F O R M  f o r m  
p r i n t _ s t a t e m e n t  : : = p r i n t _ s t a t e m e n t 1 [ F O R  A L L  v a r ]  
f o r m  : : = s t r i n g  
s t r i n g  : : = c h a r s t r i n g
o r  c h a r s t r i n g  I F  c o n d i t io n ,  [ E L S E ]  s t r i n g  
o r  I F  c o n d i t i o n  T H E N  s t r i n g ,  [ E L S E ]  s t r i n g
A  c h a r s t r i n g  i s  any sequence o f  c h a r a c t e r s  e n c lo s e d  i n  
double  quo tes ( " ) .  A  double  quo te w i t h i n  the sequence i s  r e p r e s e n t e d  
by  two  double  quo tes .  A  c h a r s t r i n g  is  a l i t e r a l  v a lu e ;  b lanks  
a r e  no t  de le ted  w i t h i n  i t .
A  s t r i n g  can be c o n d i t i o n a l ,  as shown.  The va lue  i s  the 
f i r s t  s t r i n g  i f  the c o n d i t i o n  i s  t r u e ;  o t h e r w i s e ,  i t  i s  the second.
A  p r i n t _ s t a t e m e n t  has s e v e r a l  ou tpu t  f o r m s ,  depend ing  on 
w h e th e r  i t  has  a f o r m  o r  a F O R  A L L  c la use .  When n e i t h e r  i s  
p r e s e n t ,  the ou t_e l e m e n t s ' v a lu e s  a r e  p r i n t e d  u s ing  a d e fa u l t  
f o r m a t .  N u m b e r s  a r e  p r i n t e d  i n  an e x p o n e n t ia l  f o r m  i f  they  a r e  
v e r y  l a r g e  o r  s m a l l .  A r r a y s  a r e  expanded to a l i s t  o f  n u m b e r s ;  
the o r d e r  i s  d e t e r m i n e d  by v a r y i n g  the l a s t  s u b s c r i p t  fa s te s t .
Hence ,  a t w o - d im e n s io n a l  a r r a y  i s  shown r o w - b y - r o w .  A  
c o n d i t i o n  i s  d i s p la y e d  as T R U E  o r  F A L S E .  S e v e ra l  out  e le m e n ts  
a r e  p r i n t e d  to a l i n e  u n t i l  the l i s t  i s  exhaus ted .
I f  a f o r m  i s  g iven ,  i t  c o n t r o l s  the f o r m a t  o f  the ou tpu t  
l i n e s .  A l l  c h a r a c t e r s  e xcep t  p e r i o d s  ( . )  and  u n d e r s c o r e s  (_)
- 2 5 -
r e p r e s e n t  tex t .  These  t e x t  f i e l d s  a r e  m o v e d  to the ou tp u t  l i n e  
unchanged.  A  sequence o f  u n d e r s c o r e s  w i t h  an o p t io n a l  p e r i o d  
r e p r e s e n t s  a f i x e d  n u m b e r .  A  n u m b e r  f r o m  the o u t _ l i s t  p la c e d  
i n  t h i s  f i e l d  i s  shown w i t h  i t s  d e c im a l  p o in t  w h e r e  the p e r i o d  i s  and 
d i g i t s  and a s ig n  w h e r e  the u n d e r s c o r e s  a re .  L e a d in g  z e ro e s  and 
p lus  s igns  a r e  no t  shown.  I f  t h e r e  i s  no p e r io d ,  the n u m b e r  i s  
p r i n t e d  as an  in t e g e r .  A  sequence o f  a t  l e a s t  s i x  p e r i o d s  
r e p r e s e n t s  a f l o a t i n g  f i e l d .  A  n u m b e r  p la c e d  i n  such a f i e l d  has 
a m in u s  s ign ,  i f  i t  i s  n eg a t i v e ,  one d ig i t ,  a d e c im a l  po in t ,  m o r e  
d ig i t s ,  and  a f o u r - c h a r a c t e r  exponen t  Esnn ,  w h e r e  s i s  a b la n k  
o r  a m in u s  s ign .  N u m b e r s  a r e  a lw a y s  ro u n d e d  a t  the r i g h t  end.
I f  a f i e l d  i s  too  s h o r t ,  i t  i s  f i l l e d  w i t h  a s t e r i s k s .
A  c o n d i t i o n  m a y  be p la c e d  i n  a f i e l d  w h i c h  i s  j u s t  
u n d e r s c o r e s .  I t  w i l l  p r i n t  as T R U E  o r  F A L S E ,  o r  as T  o r  F  i f  
the f i e l d  has  l e s s  than  f i v e  u n d e r s c o r e s ,  f o l l o w e d  by b la n k s .
The  f o r m  de f ines  a s in g le  l i n e .  The  f o r m  i s  p r o c e s s e d  
f r o m  l e f t  to  r i g h t ,  w i t h  each  n u m b e r  o r  c o n d i t i o n  i n  the  o u t _ l i s t  
go ing  i n  one f i e l d .  When the end o f  the f o r m  i s  reached ,  the l i n e  
i s  p r i n t e d ,  and  the f o r m  is  r e - u s e d  f r o m  the le f t .
A  F O R  A L L  c la u s e  i n d ic a te s  th a t  the v a r ' s  range  i s  the 
d o m a in  o f  a f u n c t io n  i n  the o u t_ l i s t .  T h e r e  m u s t  be a t  l e a s t  one 
f u n c t i o n  de f in ed  by a n u m e r i c  t ab le  i n  the o u t _ l i s t ;  i f  t h e r e  i s  
m o r e  than  one, they  m u s t  a l l  have  the same d o m a in .  T h i s  d o m a in  
i s  used  as the ra n g e  o f  the v a r .  The  P R I N T  s ta te m e n t  i s  re p e a te d  
f o r  each v a lu e  i n  the  range .
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p r i n t _ d i g i t s _ s t  : : = P R I N T  n _ e x p r  D IG ITS  
T h is  s t a te m e n t  sets  the n u m b e r  o f  d ig i t s  to p r i n t  w h e n  no 
f o r m  i s  g iven .  I f  no such s ta te m e n t  has been execu ted ,  the 
n u m b e r  i s  ┌- l o g 10 P  + 1┐ , w h e re  P  i s  the c u r r e n t  g loba l
p r e c i s i o n .  A  few  m o r e  d i g i t s  than the n u m b e r  r e q u e s te d  m a y  
be p r i n t e d ,  depend ing  on the m a g n i tu d e  o f  the p r i n t e d  n u m b e r .  
e j e c t_ s t  : : = E J E C T
s k ip _ s t  : : = S K IP  [ 1 L I N E ]  o r  S K IP  n _ e x p r  [ L I N E S ]
These  s ta te m e n ts  c o n t r o l  the spac ing  o f  the ou tpu t .  E J E C T  
s t a r t s  the nex t  ou tpu t  l i n e  a t  the top  o f  the n e x t  page. A  S K IP  
s ta te m e n t  s k ip s  1 o r  n b la n k  l i n e s ,  w h e r e  n i s  the v a lu e  o f  the 
n _ e x p r  t r u n c a t e d  to  an i n t e g e r .
p r i n t _ s t r i n g _ s t  : : = P R I N T  s t r i n g
T h is  s t a te m e n t  p r i n t s  the s t r i n g ' s  v a lue  w i t h o u t  the 
e n c lo s in g  quotes.
P L O T  s ta te m e n ts
P l o t t e d  ou tpu t  i s  p ro d u c e d  by  these  s ta te m e n ts .  
p l o t _ s t a t e m e n t 1 : : = P L O T  p l o t  l i s t  
o r  P L O T  p l o t _ l i s t  VS [ . ] n _ e x p r  
p l o t_ s ta t e m e n t  : : = p l o t _ s t a t e m e n t 1 [ F O R  A L L  v a r ]  
p l o t  l i s t  : : = l i s t  o f  p l o t  e le m e n ts
The e x p r e s s io n s  i n  the p l o t _ l i s t  and  n_e x p r  s h o u ld  be 
fu n c t io n s  of  a v a r .  In  the f i r s t  f o r m  o f  a p l o t _ s t a t e m e n t 1, the
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p l o t  e le m e n ts  a r e  p l o t t e d  a g a in s t  the v a r .  I n  the second f o r m  
th e y  a r e  p l o t t e d  a g a in s t  the va lu e s  o f  the n _ e x p r .  I f  a p lo t_ e le m e n t  
i s  an a r r a y ,  i t s  e le m e n ts  a r e  a l l  p lo t te d .  A l l  the p l o t_ e le m e n ts  
a r e  p l o t t e d  to  the sam e sca le  on one sheet.  The  p l o t t i n g  a r e a  i s  
15 in c h e s  h o r i z o n t a l l y  by  10 in c h e s  v e r t i c a l l y .
The  ra n g e  o f  the v a r  can  be e x p l i c i t l y  shown by a F O R  
c la u s e ,  as i n  the n e x t  sec t ion .  I f  the i n c r e m e n t  in  the ra n g e  i s  
no t  g iven ,  i t  i s  a s s u m e d  to  be .0 1  t im e s  the end v a lue  m in u s  the 
i n i t i a l  v a lue .  The ra n g e  can  a l s o  be i m p l i c i t l y  d e r i v e d  f r o m  the 
d o m a in s  o f  the t a b u l a r  f u n c t io n s  be ing  p lo t t e d ,  j u s t  as i n  a 
P R I N T  s ta te m e n t ,  by  a F O R  A L L  c lause .
I n i t i a l l y ,  no la b e l s  a r e  d r a w n  on the axes ,  and  d e fa u l t  
v a lu e s  a r e  used  f o r  the m i n i m u m  and  m a x i m u m  v a lu e s  on each 
a x i s .  These  d e fa u l t  va lu e s  w i l l  i n c lu d e  the f u l l  da ta  range  and 
be ro u n d e d  to  re a s o n a b le  v a lu e s .  L a b e l s  and n o n - d e fa u l t  
endpo in ts  f o r  the axes  can  be s p e c i f i e d .
a x i s  : : = H O R I Z O N T A L  o r  V E R T I C A L  
la b e l_ s t  : : = a x i s  L A B E L  IS s t r i n g  
r a n g e _ s t  : : = a x i s  R A N G E  IS n _ e x p r  T O  n _ e x p r  
o r  a x i s  R A N G E  IS S T A N D A R D
The s t r i n g  i n  a l a b e l_ s t  w i l l  be used  to l a b e l  the a p p r o p r i a t e  a x i s .
In  a r a n g e _ s t ,  the f i r s t  n _ e x p r  i s  the m i n i m u m  f o r  the a x i s  and 
the second i s  the m a x i m u m .  The g i v e n  la b e l  o r  range  r e m a in s
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i n  e f f e c t  f o r  a l l  p lo ts  u n t i l  changed by  a n o th e r  such s ta te m e n t .  
The d e fa u l t  range  i s  set  by  the second f o r m  of a r a n g e _ s t ,  w h i c h  
se ts the ra n g e  to  S T A N D A R D .
F O R  and  I F  c la uses
f o r _ o k _ s t  : : = l a b e l _ s t  o r  r a n g e _ s t  o r  s k ip _ s t
o r  e je c t_ s t  o r  p r i n t _ s t r i n g _ s t  o r  a s s ig n m e n t  
o r  p r e c i s i o n _ s ta te m e n t  o r  f u n c t i o n _a s s ig n m e n t  
o r  p r i n t _ s ta te m e n t  o r  p lo t_ s ta t e m e n t  
f o r _ s t 1 : : = f o r _ o k _ s t  o r  f o r _ s t 1 F O R  v a r  = range  
o r  f o r _ s t1 I F  c o n d i t i o n
f o r _ s t 2  : : = f o r _ ok_ st o r  F O R  v a r  =  range  f o r _ s t 2  
o r  I F  c o n d i t i o n  T H E N  [ f o r _ s t 2 ]
[ eos E L S E  [ f o r _ s t 2 ]  ] 
i f _ s t 1 : : = so lve  s ta te m e n t  [ I F  c o n d i t i o n ]  
i f _ s t2  : : = I F  c o n d i t i o n  T Η Ε Ν  [ i f _ s t 2 ]
[ eos E L S E  [ s t2 ]  ] o r  s o l v e _ s ta te m e n t  
o r  I F  c o n d i t i o n  T H E N  f o r _ s t 2  eos 
E L S E  i f _ s t 2
st2 : : = f o r _ s t 2  o r  i f  st2 
s t a t e m e n t 1 : : = f o r _ s t 1  o r  i f _ s t 1  o r  st2 
o r  s y s t e m _ a s s ig n m e n t  o r  d e c l a r a t i o n  
s ta te m e n t  : : = s t a te m e n t  1 eos 
p r o g r a m  : : = s t r i n g  o f  s ta te m e n ts
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A  F O R  o r  I F  c la use  can be added to  any  s ta te m e n t  excep t  
a s y s te m _ a s s ig n m e n t ,  a d e c l a r a t io n ,  o r  a s o lv e _ s ta te m e n t ,  w h ic h  
can  o n ly  take  an I F  c lause .  The I F  and F O R  c la u s e s  m u s t  a l l  
be on the r i g h t  end o f  the s ta te m e n t  o r  a l l  on the le f t .  A n  E L S E  
is  p a i r e d  w i t h  the l a s t  T H E N .  A n  I F  c la u s e  on the r i g h t  m a k e s  
the s ta te m e n t  to  i t s  l e f t  c o n d i t i o n a l ;  i t  i s  ex ec u ted  o n ly  i f  the 
c o n d i t i o n  is  t r u e .  A n  I F .  . . T H E N .  . . E L S E  execu tes  the s ta te m e n t  
a f t e r  the T H E N  i f  the c o n d i t i o n  i s  t r u e  and the s ta te m e n t  a f t e r  
the E L S E  i f  i t  i s  fa ls e .  A  F O R  c la use  re p e a ts  the s ta te m e n t  
to i t s  l e f t  o r  r i g h t ,  once f o r  each va lue  o f  the v a r  i n  the range .
A  F O R  c la u s e  i s  e s p e c ia l l y  use fu l  f o r  a s s ig n in g  v a lu e s  to a r r a y s .
P r o c e d u r e s
P r o c e d u r e s  m a y  be de f in ed  i n  R e lm a t h  to so lve  s y s te m s  o f  
o r d i n a r y  d i f f e r e n t i a l  equa t ions .  The R e lm a th  p r o c e d u r a l  language 
i s  o r i e n t e d  t o w a r d  s ta t i n g  p r o c e d u r e s  to  do th is  task ,  and  o th e r  
t ypes  o f  p r o c e d u r e s  c a n n o t  be w r i t t e n .
W i t h i n  p r o c e d u r e s ,  nam es  d e c la r e d  w i t h  the data types  
I N D E P E N D E N T  V A R I A B L E ,  D E P E N D E N T  V A R I A B L E ,
D E R I V A T I V E  F U N C T IO N ,  S T E P  S IZ E ,  S T E P  N U M B E R ,  P R E C IS IO N ,  
and  A R R A Y  <*>  have s ig n i f i c a n c e .  E l s e w h e r e ,  they  a r e  m e a n in g le s s .  
The  m e ta lan guage  nam es  f o r  these R e lm a th  nam es  a r e  t , z, df ,  h, 
n , eps,  and p r o c e d u r a l  a r r a y ,  r e s p e c t i v e l y .  These  d e c la r a t io n s  
i d e n t i f y  the s ig n i f i c a n t  m a t h e m a t i c a l  e n t i t i e s  i n  the p r o c e d u re .
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P r o c e d u r e s  so lve  s y s te m s  of  the f o r m  z '  = d f ( t ,  z). They  
c o m p u te  zn  = z ( tn ) f r o m  p r e v io u s  va lu e s  o f  z and  z ' .  They  m a y  
a d ju s t  the s tep  s ize  i n  o r d e r  to m a i n t a i n  c o n t r o l  o f  the t r u n c a t i o n  
e r r o r .  T he y  m a y  c a l l  o t h e r  s u b p ro c e d u re s .
z is  a v e c t o r ,  s ince  the  p r o c e d u r e s  w o r k  on s y s te m s  o f  
equa t ions .  When a p a r t i c u l a r  s y s te m  i s  to be s o lv e d  us ing  
a p r o c e d u r e ,  R e lm a th  t r a n s f o r m s  the i n t e r n a l  r e p r e s e n t a t i o n  o f  
the s y s te m  to  the s ta n d a r d  f o r m  z '  = d f( t ,  z).
p r i m i t i v e  : : = t  i n d e x  o r  z i n d e x  o r  z ' i n d e x  
o r  p r o c e d u r a l _ a r r a y  o r  h  o r  n o r  eps 
o r  df  ( n _ e x p r ,  n_exp r )  
o r  M A X  (n _ expr )
p r o c _ a s s ig n m e n t  : : = p r o c e d u r a l _ a r r a y  = n _ e x p r  
o r  z [ ' ]  i n d e x  = n _ e x p r  
o r  h= n _ e x p r  o r  s c a l a r  = n _ e x p r  
i n d e x  : : = <n > o r  < n + d ig i t _ s t r i n g >  
o r  < n - d i g i t _ s t r i n g >
These  r u le s  ex tend  the d e f i n i t i o n  o f  an  n _ e x p r  p r i m i t i v e
and add  a new a s s i g n m e n t  s ta te m e n t .  A n  in d e x  i s  used  to r e f e r  to
a d i s c r e t e  v a lue  o f  t  o r  z. t<n> i s  t n , the c u r r e n t  t .  t<n+ i>  =
tn+i.= tn + i ·  h, t < n - i >  = t n - i  = tn - i ·  h, w h e re  i  i s  a d i g i t  s t r i n g .  z 
and  z '  f o l l o w e d  by  an in d e x  n ± i  r e f e r  to  z and  z '  a t  t  = tn± i ·
 — 
V a lue s  o f  df , z, z ' ,  and p r o c e d u r a l _ a r r a y s  a r e  a c t u a l l y  
v e c t o r s  whose  le n g th  i s  tha t  o f  z, i .  e. the n u m b e r  o f  f i r s t - o r d e r
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v a r i a b l e s  i n  the s y s te m  be ing  so lved .  When these  e n t i t i e s  
app e a r  i n  an n _ e x p r ,  a l l  o p e ra t i o n s  a r e  a p p l i e d  to  t h e i r  c o m pon en ts  
i n  p a r a l l e l .  The  on ly  e x cep t ions  a r e  a p p l i c a t i o n s  o f  df ,  w h ic h  
o p e ra te  on the second a r g u m e n t  as a v e c t o r ,  and  the use o f  
M A X  w i t h  one a r g u m e n t .  M A X  w i l l  then  r e t u r n  the m a x i m u m  
co m p o n e n t  o f  i t s  a r g u m e n t .  No te  t h a t  d f  m u s t  have a n u m b e r  as 
i t s  f i r s t  a r g u m e n t .
The  va lue  o f  h i s  the c u r r e n t  s tep s ize .  The step 
n u m b e r  i s  n , and  eps i s  the p r e c i s i o n  se t  by  a P R E C IS IO N  c la use  
o r  s ta te m e n t .
A  p r o c e d u r a l  a s s i g n m e n t  sets the va lue  o f  z,  z ' ,  a 
p r o c e d u r a l  a r r a y ,  a s c a la r ,  o r  h. In  the f i r s t  t h r e e  cases  the 
n _ e x p r  m a y  be a v e c t o r ,  whose  c om pon en ts  a r e  a s s ig n e d  in  
p a r a l l e l ,  o r  a n u m b e r ,  w h i c h  i s  a s s ig n e d  to  a l l  the c o m pon en ts  o f  
the l e f t - s i d e  v e c t o r .  C hang ing  the v a lu e  o f  h  by  a p r o c _ a s s ig n m e n t  
has s ide  e f fe c ts  w h ic h  w i l l  be d i s c u s s e d  l a t e r .
w i t h _ o p t i o n  : : = h  = n _ e x p r  o r  n = n_e x p r  
o r  f i x e d  h  [ = n _ e x p r ]  
o r  s c a l a r  = n _ e x p r
o r  p r oc e d u r a l _ a r r a y  = n _ e x p r
w i th _ c la u s e  : : = W I T H  l i s t  o f  w i t h  op t ions  
r e p e t i t i o n _ c o u n t  : : = d i g i t _ s t r i n g  T IM E S  
a p p ly _ s ta te m e n t  : : = A P P L Y  p r o c e d u re _ n a m e  
[ r e p e t i t i o n _ coun t ]  [ w i t h _ c la u s e ]
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A n  a p p ly _ s ta te m e n t  c a l l s  a s u b p ro c e d u re .  The a c t io n  of  
the w i t h _ c la u s e  and  the r e p e t i t i o n _ c o u n t  w i l l  be e x p la in e d  l a t e r . 
b l o c k  : : = s t r i n g  of  b a s i c _ p r o c _ s t a t e m e n t s  
d o _ s ta te m e n t  : : = DO [ n _ e x p r  T I M E S ]  [ U N T I L  c o n d i t io n ]  
eos b l o c k  E N D
p r o c _ i f _ s t a t e m e n t  : : = I F  c o n d i t i o n  T H E N
[ b a s i c _ p r o c _ s t 1] [ eos E L S E  [ b a s i c _ p r o c _ s t 1] ] 
o r  b a s i c _ p r o c _ s t2  I F  c o n d i t i o n  
b a s i c _ p r o c _ s t 2  : : = p ro c _ a s  s ig n m e n t  o r  a p p l y _ s ta te m e n t  
o r  p r i n t _ s t a t e m e n t 1 
b a s i c _ p r o c _ s t 1 : : = b a s i c _ p r o c _ st2
o r  d o _ s ta te m e n t  o r  p r o c _ i f _ s t a t e m e n t  
b a s i c _ p r o c _ s t a t e m e n t  : : = b a s ic  p r o c _ s t 1 eos
These  r u le s  de f ine  the s y n ta x  f o r  g r o u p in g  p r o c e d u r a l  
s ta te m e n ts  and c o n d i t i o n a l  s ta te m e n ts .  The  b l o c k  o f  a do_ s ta te m e n t  
m a y  be execu ted  a se t  n u m b e r  o f  t im e s  o r  u n t i l  a c o n d i t i o n  i s  
s a t i s f i e d .  The  p r o c _ i f _ s ta te m e n t  i s  the s ta n d a r d  P L / I - t y p e  
c o n d i t i o n a l  o r  the a l t e r n a te  R e lm a th  f o r m a t .  A n  E L S E  i s  a s s o c ia te d  
w i t h  the l a s t  I F .  . . T H E N .
s e g m e n t  : : = b l o c k  o r  S I N G L E - S T E P :  eos b l o c k  
o r  M U L T I - S T E P :  eos b lo c k  
p r o c _ d e f i n i t i o n  : : = B E G I N  p r o c e d u r e _ n a m e  eos 
s t r i n g  of segments E N D  p ro c e d u re _ n a m e
s t a t e m e n t 1 : : = p r o c _ d e f i n i t i o n
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A  p r o c e d u r e  d e f i n i t i o n  can have t h r e e  s egm en ts .  The
s in g le - s t e p  s egm en t  i s  headed  by  the l i n e  S I N G L E - S T E P :  , and
a m u l t i - s t e p  s egm en t  by  M U L T I - S T E P : .  T h e r e  can a ls o  be an
i n i t i a l  s egm en t ,  w h i c h  has no h e a d e r  l i n e .  I t  i m m e d i a t e l y  f o l l o w s
the B E G I N  s ta te m e n t .  The i n i t i a l  s e g m e n t  i s  a p p l i e d  o n ly  once
a t  the beg inn ing  o f  the s o lu t i o n  c o m p u ta t io n .  The s i n g le - s t e p
s egm en t  i s  a p p l i e d  a f t e r  the i n i t i a l  s e g m e n t  and a f t e r  any  change
i n  h. When enough v a lu e s  o f  z have been c o m pu ted ,  the s y s te m
w i l l  use the m u l t i - s t e p  segm en t .  I f  a m u l t i - s t e p  s egm en t  is
g iven  bu t  no s in g le - s t e p ,  the s ta n d a r d  s i n g l e - s t e p  s e g m e n t  i s
used ; i t  c o m p u te s  zn + 1 ,  zn + 2 , zn + 3 ,  z 'n + 1 ,  z 'n+2  f r o m  zn and
z ' n by  a f o u r t h - o r d e r  R u n g e - K u t t a - G i l l  f o r m u l a .  A  s egm en t
h e a d e r  w i t h  no f o l l o w in g  s ta te m e n ts  a ls o  in v o k e s  the c o r r e s p o n d in g
s ta n d a r d  segm en t .  The  s ta n d a r d  m u l t i - s t e p  s egm en t  co m p u te s
zn+1 f r o m  zn , z 'n , z 'n - 1 , z 'n - 2 , and  z 'n - 3  by  a f o u r t h - o r d e r  
A d a m s - M o u l t o n  p r e d i c t o r - c o r r e c t o r  f o r m u l a .  A  p r o c e d u r e  w i t h  
no h e a d e r  s ta te m e n ts  i s  c o n s id e r e d  to  have on ly  a s i n g le - s t e p  
segment .
The i n i t i a l  s e g m e n t  i s  used to  i n i t i a l i z e  v a r i a b l e s  and
p e rh a p s  to  se t  the s tep  s ize .  The s in g le -  and m u l t i - s t e p  s egm en ts
c o m p u te  zn + 1 , . . . , zn+K and z 'n + 1 , . . . , z 'n + K  f r o m  zn , z 'n , and
p o s s ib l y  som e  p r e v io u s  va lu e s  o f  z and z ' .  The s in g le - s t e p
s e g m e n t  m a y  a l s o  change zn , zn - 1 ,  .  .  .  ,  zn - ℓ  and z'n , z'n-1,
. . , z ' n - ℓ ' . K '  ≤ K  and ℓ  ≤ ℓ  a r e  r e q u i r e d ;  K  o r  ℓ  m a y  be z e ro .
I f  K '  <  K  o r  ℓ '  <  ℓ ,  the s y s te m  w i l l  com pu te  the m i s s i n g  d e r i v a t i v e s .
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K ,  Κ ' ,  ℓ , and ℓ ' need no t  be the same each t im e  the segm en t  i s  
execu ted .  The  s y s te m  w i l l  an a ly z e  the m u l t i - s t e p  s egm en t  to 
d e t e r m in e  the p r e v io u s  va lu e s  of  z o r  z '  t ha t  i t  needs and  w i l l  no t  
c a l l  i t  u n t i l  these va lues  have been c o m p u te d  by re p e a te d  use 
o f  the  s in g le - s t e p  segm en t .  The  s i n g l e - s t e p  s egm en t  m a y  a l s o  
r e f e r  to  p r e v io u s  v a lu e s  o f  z; these w i l l  be the l a s t  va lu e s  
c o m p u te d  b e fo r e  a p p ly in g  the s i n g l e - s t e p  segm en t .
A  p r o c e d u r e  m a y  c a l l  a n o th e r  p r o c e d u r e  by  the A P P L Y  
s ta te m e n t ,  bu t  such c a l l s  canno t  be r e c u r s i v e .  O n ly  a m a in  
p r o c e d u r e  can  have segm en ts ;  s u b p ro c e d u r e s  can not .  The 
a c t i o n  o f  a s u b p ro c e d u re  can  be m o d i f i e d  by  a w i t h _ c la u s e  o r  
r e p e t i t i o n _ count.  A  w i t h  op t io n  w i t h  a s c a l a r  o r  p r o c e d u r a l  
a r r a y  on the l e f t  se ts tha t  s c a l a r  o r  a r r a y  j u s t  as i n  an a s s i g n m e n t  
b e fo r e  c a l l i n g  the p r o c e d u r e .  I f  h  o r  n is  set ,  the va lue  o f  h  o r  n 
i s  changed  f o r  the s u b p ro c e d u r e  bu t  i s  r e s e t  a f t e r  the A P P L Y  
s ta te m e n t  i s  f in i s h e d .  C hang ing  h o r  n changes r e fe r e n c e s  i n  the 
s u b p ro c e d u r e  to  z and  z '  so they  r e f e r  to o th e r  va lu e s  o f  z and  z ' .  
I f  h i s  changed to  h·m and n to  n+p, then  an i n d e x  n+ i  i n  the 
s u b p ro c e d u r e  i s  e f f e c t i v e l y  changed to n+p+i·m . h m a y  o n l y  be 
changed  by  m u l t i p l y i n g  o r  d i v i d i n g  i t  by  a c o n s ta n t  p o w e r  of  2, 
and n  m a y  be changed on ly  by  add ing  a c o n s ta n t  i n t e g e r  to  i t .
A  r e p e t i t i o n  coun t  o f  K  re p e a ts  the s u b p ro c e d u r e  K  t im e s .  E ach  
t i m e  n i s  advanced  by the n u m b e r  o f  z ' s  c o m p u te d  the l a s t  t im e .
The s y s te m  w i l l  a s s u r e  th a t  needed va lues  o f  z '  a r e  c om pu ted .
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I f  a w i th _ c la u s e  i s  a ls o  g iven,  i t  i s  used to  i n i t i a l i z e  h and n , 
and on ly  n i s  changed by  the r e p e t i t i o n s .
When h i s  changed by a p r o c _ a s s ig n m e n t ,  the p r o c e d u r e
stops execu t ing .  I f  t h is  happens in  a s u b p ro c e d u re ,  a l l  h i g h e r -
l e v e l  p r o c e d u r e s  a l s o  s top and c o n t r o l  r e t u r n s  d i r e c t l y  to the
s y s te m .  I f  h i s  i n c re a s e d ,  the va lu e s  o f  z and z '  w h ic h  have
been c o m p u te d  a r e  a s s u m e d  to be v a l i d  and a r e  re ta in e d .
O th e r w is e ,  these  va lu e s  a r e  d i s c a r d e d  and the s i n g l e - s t e p
segm en t  i s  a p p l ie d  w i t h  the new h and the same va lu e s  o f  tn , zn
as b e fo re .  I f  h is  r e d u c e d  to le s s  than h 0 ·2 -10 = h0 / 1024, w h e re  
h0 i s  the o r i g i n a l  s tep s ize  g iven  i n  the S O L V E  s ta te m e n t ,  the 
s y s te m  t e r m i n a t e s  the s o lu t i o n  o f  the s y s te m  and g ives  an e r r o r  
m es s a g e .  W h e n e v e r  h i s  changed,  n i s  set  to 0, so i t  coun ts  f r o m  
the l a s t  c han ge . h can on ly  be changed by a f a c t o r  w h ic h  i s  a 
p o w e r  of  2. I f  F I X E D  is  used  i n  a w i t h  o p t io n  th a t  sets h, 
p r o c _ a s s ig n m e n ts  th a t  set  h i n  the s u b p ro c e d u re  a r e  bypassed .
A  p r o c e d u r e  de f ines  on ly  p a r t  o f  the c o m p u ta t io n s  n e c e s s a r y  
to so lve  a d i f f e r e n t i a l  s y s te m .  The  R e lm a th  p r o c e s s o r  t r a n s f o r m s  
the s y s te m  to  the f o r m  z '  = d f ( t ,  z).  I t  then r e p e a te d ly  i n t e r p r e t s  
the p r o c e d u r e ,  each t im e  c a l c u la t i n g  the n e x t  few va lues  of  z and 
z '  f r o m  t h e i r  c u r r e n t  and p r e v io u s  v a lu e s .  E a c h  t i m e  i t  advances  
by the n u m b e r  o f  va lues  o f  z c o m p u te d  l a s t  t im e .  I t  a l lo c a te s  
the needed s to ra g e  and pushes the c u r r e n t  and c a l c u la te d  va lues  
down to the p r e v io u s  ones, sav ing  o n ly  those th a t  a re  needed.
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D u r i n g  the c o m p u ta t io n  h m a y  be changed,  bu t  o n l y  those fu n c t io n  
va lues  when t  = t 0  + mh0 , w h e r e  m is  an i n t e g e r  and t 0 and  h 0 a r e  the 
o r i g i n a l  t  and s tep s ize  g iven  i n  the S O L V E  s ta te m e n t ,  a r e  saved.
A  p r o c e d u r e  i s  used by a USE s ta te m e n t ,  
use_ s ta te m e n t  : : = USE p r o c e d u r e  nam e 
[ W I T H  F I X E D  S T E P  S IZ E ]  
p r o c e d u r e _ nam e  : : = S T A N D A R D  o r  S T A N D A R D  
S I N G L E - S T E P  o r  S T A N D A R D  M U L T I - S T E P  
s t a t e m e n t 1 : : = use s ta te m e n t  
A n y  S O L V E  s ta te m e n t  a f t e r  the USE s ta te m e n t  w i l l  use th is  
p r o c e d u r e .  The s ta n d a rd  p r o c e d u r e  and i t s  s egm en ts  a r e  r e f e r r e d  
to  by  the nam es  shown. The op t io n a l  F I X E D  c la u s e  causes  a l l  
p r o c _ a s s ig n m e n ts  th a t  set  h to be bypassed.
C o m p i l a t i o n
A  p r o c e d u r e  can be c o m p i l e d ,  w h i c h  g r e a t l y  r e d u c e s  i t s  
e x e c u t io n  t im e .
c o m p i l e _ s t a t e m e n t  : : = C O M P I L E  l i s t  o f  p r o c e d u r e  nam es  
s t a t e m e n t 1 : : = c o m p i l e _ s ta te m e n t  
The  p r o c e d u r e s  a r e  t r a n s l a t e d  to  F O R T R A N  code on an i n t e r m e d i a t e  
data set .  S tand a rd  c o n t r o l  c a r d s  a r e  used  to  c a l l  the F O R T R A N  
c o m p i l e r  and l i n k - e d i t  the p r o g r a m  w i t h  the r e s t  o f  R e lm a th .  
Subsequent  runs  o f  R e lm a th  w i l l  have the c o m p i l e d  f o r m  of the 
p r o c e d u r e  and  w i l l  use i t  u n t i l  the p r o c e d u r e  is  r e d e f in e d .  C o m ­
p i l i n g  a p r o c e d u r e  a l s o  c o m p i l e s  a l l  o f  i t s  s u b p ro c e d u re s .
- 3 7 -
A  c o m p i l e d  p r o c e d u r e  ac ts  as a new p r i m i t i v e  o f  the 
language.  T h a t  i s ,  a l l  o f  i t s  s u b p ro c e d u re s  and de f in ed  fu n c t io n s  
a r e  f r o z e n  i n  the code as they  a r e  a t  the t im e  of  c o m p i l a t i o n .  
F u t u r e  changes i n  these e n t i t i e s  w i l l  no t  a f f e c t  the c o m p i l e d  code 
u n t i l  the p r o c e d u r e  i s  r e c o m p i l e d .
M i s c e l l a n e o u s
A l l  data i n  R e lm a th  a r e  p e r m a n e n t  excep t  f o r  the va lues  
o f  p r o c e d u r a l _ a r r a y s . T h e y  a r e  p r e s e r v e d  f r o m  one r u n  to the 
next .
The  R E L  e n v i r o n m e n t  i n  w h ic h  R e lm a th  runs  p r o v id e s  
t h re e  t ypes  o f  s to ra g e :  a paged v i r t u a l  m e m o r y ,  a l i s t  a re a ,  and 
a s e c t io n  o f  m a in  m e m o r y .  The  v i r t u a l  m e m o r y  i s  used f o r  a l l  
p e r m a n e n t  data.  The l i s t  a r e a  ho lds  the sentence p a rs e s  w h i l e  
they  a r e  be ing  i n t e r p r e t e d  and t e m p o r a r y  l i s t s .  The  m a in  m e m o r y  
s e c t io n  h o lds  the p r o c e d u r a l  a r r a y s  and o t h e r  data used  by  a 
p r o c e d u r e .  I t  i s  a l s o  used  by the P L O T  s ta te m e n t  p r o c e s s o r  
to  h o ld  the p o in ts  be ing  p lo t ted .
A l l  s ta te m e n ts ,  f u n c t io n  d e f in i t i o n s ,  d i f f e r e n t i a l  equa t ions ,  
and p r o c e d u r e s  a r e  r e p r e s e n t e d  as l i s t  s t r u c t u r e s .  These  
s t r u c t u r e s  a r e  c o p ie d  to  the v i r t u a l  m e m o r y  f o r  s to ra g e  and 
c o p ie d  b a c k  to the l i s t  a r e a  when needed. T he y  a r e  i n t e r p r e t e d  
by  the R E L  s e m a n t ic  d r i v e r  and  R e lm a th  s e m a n t ic  r o u t in e s .  
C o m p i l e d  p r o c e d u r e s  a l s o  have a s s o c ia te d  m a c h in e  code w h ic h  i s  
execu ted  and has the sam e e f fe c t  as i n t e r p r e t i n g  the l i s t - s t r u c t u r e  
f o r m  o f  the p r o c e d u r e .
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E x a m p le s  o f  R e lm a th
The f i r s t  s e c t io n  of  t h is  c h a p te r  gave a f o r m a l  s p e c i f i c a t i o n  
of  R e lm a th .  T h is  s e c t io n  w i l l  p r e s e n t  some e x a m p le s  of  i t s  use.
The f i r s t  t h r e e  ex a m p le s  a r e  so lu t io n s  to  d i f f e r e n t i a l  
equa t ions .  F i g u r e  2 -2  shows the R e lm a th  s o lu t i o n  of  a c h e m ic a l  
r e a c t i o n  p r o b le m .  The output  i s  i n  F i g u r e  2 -3 .
F i g .  2 -2  - -  C h e m ic a l  r e a c t i o n  ex a m p le
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T h is  ex a m p le  so lves  the d i f f e r e n t i a l  equa t ions
w h ic h  d e s c r ib e  the i n t e r a c t i o n s  be tween  NO, N O 2, and O L  (o le f in s )  
in  one m o d e l  f o r  the c h e m ic a l  r e a c t i o n s  in v o l v e d  i n  the p r o d u c t i o n  
o f  sm og  [ Sein69, 7 -13 ;  F r i e 6 9 ,  1 1 7 6 -1 1 7 7 ] .  The p a r a m e t e r  
va lues  w e r e  chosen  by  F r i e d l a n d e r  and S e in fe ld  to  s im u la te  
e x p e r i m e n t a l  o b s e rv a t i o n s .
F i g u r e  2 -4  shows the s o lu t i o n  o f  a s y s te m  th a t  d e s c r ib e s  
the d y n a m ic s  o f  a gas a b s o r b e r .  The  equa t ions  a r e  ta k e n  f r o m  
[ L a p 7 1 ,  8 4 ] .  T h i s  e x a m p le  i l l u s t r a t e s  the use o f  an a r r a y  
fu n c t io n .  The  outpu t  i s  in  F i g u r e  2 -5 .
- 4 2 -
F ig .  2 -4  - -  Gas a b s o r b e r  ex a m p le
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The f i n a l  e x a m p le  o f  t h is  g roup ,  F i g u r e  2 -5 ,  so lves  f o r  
the o r b i t  o f  a s m a l l  body i n  the g r a v i t a t i o n a l  f i e l d  o f  tw o  m u c h  
l a r g e r  bod ies  th a t  a r e  a t  a c o n s ta n t  d is tan ce  f r o m  each o th e r .  The 
r o t a t i n g  c o o r d in a te  s y s te m  has the c e n t e r  of  m a s s  o f  the tw o  l a r g e  
bod ies  a t  the o r i g i n  and the two  bod ies  on the x  a x i s .  They  a re  
a u n i t  d is tan ce  a p a r t ,  and M U  is  the r a t i o  o f  the m a s s  of  the 
l a r g e  body to  th a t  o f  the w h o le  s y s te m .  The p r o b l e m  i s  due to 
J. M .  V a r a h  [ V a r 7 1] .  I t  has the fe a tu re  th a t  c o n d i t io n s  a re  
chang ing  v e r y  r a p i d l y  r i g h t  a t  the s t a r t  of  the s o lu t ion .
F i g u r e  2 -7  i s  the output .
F ig .  2 -6  - -  O r b i t  ex a m p le








































In  these  e x a m p le s  the d i f f e r e n t i a l  equa t ions  w e r e  s ta ted  
d i r e c t l y  as equa t ions  in  a n o r m a l  m a t h e m a t i c a l  f o r m .  T he y  a r e  
s o lv e d  by  a s im p le ,  d i r e c t  s ta te m e n t ,  and the ou tpu t  i s  a l s o  
ob ta ined  e a s i l y .  These  f e a tu re s  a r e  c h a r a c t e r i s t i c  of  h i g h - l e v e l  
la nguages  f o r  s o l v in g  n u m e r i c a l  e n g in e e r i n g  p r o b l e m s .
F i g u r e  2 -8  g ives  a few  e x a m p le s  o f  the o t h e r  f a c i l i t i e s  
a v a i l a b le  i n  R e lm a th ,  no t  i n c lu d in g  p r o c e d u r e s .  The ou tpu t  is  
shown in  F i g u r e  2 -9 .
F i g .  2 -8  - -  E x a m p le s  o th e r  than d i f f e r e n t i a l  equa t ions
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F ig .  2 -9  - -  Outpu t  f r o m  e x a m p le s  o f  f i g .  2 -8
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F ig .  2 -9  - -  c o n t in u e d
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These  e x a m p le s  show som e o f  the R e lm a t h  n o ta t ion s  f o r  
sum s ,  o th e r  re p e a te d  o p e ra to r s ,  and  o th e r  o p e r a to r s ,  such  as 
M O D ,  w h ic h  a r e  c o m m o n l y  used  i n  e n g in e e r i n g  m a th e m a t i c s .  
These  n o ta t io n s  a r e  c lo se  to those c o m m o n l y  used.
The  r e m a in i n g  e x a m p le s  a r e  o f  p r o c e d u r e s .  The f i r s t  one, 
i n  F i g u r e  2 -10 ,  i s  the f o u r t h - o r d e r  R u n g e - K u t t a - G i l l  p r o c e d u r e  
[ M a t7 0 ,  2 ] .
F ig .  2 -10  - -  R u n g e - K u t t a - G i l l  p r o c e d u r e
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T h i s  i s  a s im p le  p r o c e d u r e .  I t  m a y  be used  as a m a in  
p r o c e d u r e  by  the s ta te m e n t ,
USE RKG
In  th a t  case ,  i t  w o u ld  be r e p e a te d ly  a p p l i e d  to  ge n e ra te  the  s o lu t i o n  
v a lu e s .  The  s tep s ize  w o u ld  be f i x e d ,  s ince  the p r o c e d u r e  
does no t  m o d i f y  i t .
F i g u r e  2 -11  shows the s ta n d a rd  p r o c e d u r e  as i t  w o u ld  be 
w r i t t e n  i n  R e lm a th .  The s ta n d a r d  p r o c e d u r e  i s  a c t u a l l y  coded 
i n  F O R T R A N .
F ig .  2 -11  - -  S tand a rd  p r o c e d u r e
T h is  p r o c e d u r e  has  t h r e e  segm en ts .  The  i n i t i a l  one 
s i m p l y  d i v id e s  the s tep s ize  by  f o u r .  The s i n g le - s t e p  segm en t  
f i r s t  c o m p u te s  Zn + 2  RKG w i t h  a t e m p o r a r i l y  doub led  s tep 
s ize .  I t  then uses R K G  t w ic e  to  c o m p u te  Zn+1 aga in .  The two
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va lues  o f  Zn+2 a r e  c o m p a r e d  to c o m p u te  the e r r o r  e s t im a t e  E.
I f  t h i s  i s  too l a r g e ,  the p r o c e d u r e  i s  re p e a te d  w i t h  the s tep s ize  
ha lved .  I f  no t ,  R K G  i s  used  once m o r e  to  c o m p u te  Z n+ 3 . The  
m u l t i - s t e p  s e g m e n t  c o m p u te s  Z n+1 f r o m  Z n , Z 'n , Z ' n- 1 , and 
Z 'n - 3  us ing  the f o u r t h - o r d e r  A d a m s - M o u l t o n  p r e d i c t o r - c o r r e c t o r  
f o r m u l a s  [ L a p 7 1 ,  1 8 0 -1 8 1 ] .  The  r e l a t i v e  t r u n c a t i o n  e r r o r  i s  
e s t im a t e d  by c o m p a r in g  the p r e d i c t e d  and c o r r e c t e d  v a lu e s ,  and 
the s tep s ize  i s  a d ju s te d  i f  n e c e s s a r y .  Since the m u l t i - s t e p  
s e g m e n t  r e q u i r e s  th re e  p r e v io u s  v a lu e s  o f  Z '  and the s i n g l e - s t e p  
s egm en t  c o m p u te s  t h r e e  v a lu e s  o f  Z,  the s i n g le - s t e p  se g m e n t  w i l l  
be used  o n ly  once  b e fo re  s t a r t i n g  the m u l t i - s t e p  segm en t .
F i g u r e  2 -1 2  shows a n o th e r  p r o c e d u r e  based  on the same 
R u n g e - K u t t a  and  p r e d i c t o r - c o r r e c t o r  f o r m u l a s  as the s ta n d a rd  
p r o c e d u r e .  H o w e v e r ,  S T A N I N T  uses R K G  o n ly  a t  the s t a r t  o f  
the s o lu t ion .  T h e r e a f t e r ,  i t  uses o th e r  m eans  to  c o m p u te  the 
p r e v io u s  va lues  needed by the m u l t i - s t e p  segm en t .
F i g .  2 - 1 2 - -  S ta n d a rd  p r o c e d u r e  w i t h  i n t e r p o la t i o n
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F ig .  2 -1 2  - -  c o n t in u e d
- 5 5 -
When the s tep s ize  has been in c r e a s e d ,  the s i n g le - s t e p
s egm en t  sets  Zn - 1 , Zn-2, and Zn -3  equal  to  the o ld  Zn - 2 , Zn-4,
and Zn - 6 ,  r e s p e c t i v e l y ,  and  s i m i l a r l y  f o r  Z ' .  When the s tep  s ize
has been ha lved ,  the needed v a lu e s  a r e  c o m p u te d  by the f o l l o w in g  
s i x t h - o r d e r  i n t e r p o l a t i o n  f o r m u l a s  [ IB M 6 8 ,  3 3 8 ] ,
w h e re  h i s  the o ld  s tep s ize  b e fo r e  h a lv in g .  T h i s  p r o c e d u r e  has 
been found  to be f a s t e r  than  S T A N  in  some cases  w h e re  the s tep 
s ize  was changed of ten.
In  F i g u r e  2 -13  we  have a p r o c e d u r e  based  on d i f f e r e n t  
f o r m u l a s .
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F ig .  2 -13  - -  P r o c e d u r e  w i t h  S a ra fy a n  and  K o h f i e l d - T h o m p s o n
f o r m u l a s
The s i n g le - s t e p  segm en t  uses  a s e l f - e m b e d d in g  R u n g e - K u t t a
schem e of S a ra fy an  [ L ap 71 ,  7 2 - 7 3 ] . T h is  schem e co m p u te s
Zn+1, to f o u r t h  o r d e r  i n  P  and  then to  f i f t h  o r d e r .  The two  va lu e s  
a r e  c o m p a r e d  to e s t im a t e  the e r r o r .  I f  i t  i s  be low  the bound,
Zn+2 i s  a l s o  c om pu ted .  T h is  m e th o d  needs on ly  9 e v a lu a t io n s  o f  
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the d e r i v a t i v e  f u n c t io n  to  c o m p u te  Zn+1, Zn + 2 ,  and t h e i r  d e r i v a t i v e s ,
w h i l e  the m e th o d  used i n  S T A N  r e q u i r e d  11.
The  m u l t i - s t e p  se g m e n t  uses  a h y b r i d  m e th o d  of  K o h f i e l d  
and  T h o m p s o n  [ K o h 6 7 ] .  A  va lue  o f  Z n+0. 7  i s  p r e d i c t e d ,  and 
P  i s  se t  to  i t s  d e r i v a t i v e .  The n  a p r e d i c t e d  Q = Z n+0. 5  i s  c o m p u te d  
u s ing  P.  P  i s  changed to a p r e d i c t e d  Zn + 1 .  F i n a l l y ,  a c o r r e c t o r
f o r m u l a  due to  G rag g  and S te t te r  [ G ra 6 4 ]  i s  a p p l i e d  to  ob ta in  
Zn+1.  The  c o r r e c t o r  i s  f o u r t h - o r d e r ,  bu t  i t  i s  a p p r o x im a t e l y  
76 t im e s  as a c c u r a te  as the A d a m s - M o u l t o n  f o u r t h - o r d e r  c o r r e c t o r .  
T h is  a c c u r a c y  e s s e n t i a l l y  com p e n s a te s  f o r  the i n c r e a s e d  c o m p u ta t io n ,  
s ince  i t  a l l o w s  a s tep  s ize  w h ic h  i s  abou t  t w i c e  th a t  useab le  w i t h  
the A d a m s - M o u l t o n  f o r m u l a  f o r  the sam e a c c u r a c y .  K o h f i e l d  
and T h o m p s o n  g ive  a f a m i l y  o f  f o r m u l a s  up to  o r d e r  14; they  
have found  th a t  t h e i r  s i x t h - o r d e r  f o r m u l a s  r e q u i r e  abou t  t w o - t h i r d s  
the c o m p u te  t im e  of  the c o r r e s p o n d in g  A d a m s - M o u l t o n  f o r m u l a s .
These  p r o c e d u r e s  a r e  w r i t t e n  i n  a s im p le ,  d i r e c t  s t y le .
The m a t h e m a t i c a l  o p e ra t i o n s  a r e  d i r e c t l y  e x p r e s s e d  as they  
w o u ld  be i n  a t e x t  d e s c r i b i n g  the m e th o d s .  Hence,  t h is  i s  a 
h i g h - l e v e l  la nguage  f o r  w r i t i n g  a l g o r i t h m s  of  t h i s  k ind .
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The R E L  Sys tem
In  th is  s e c t io n  we w i l l  d e s c r ib e  the aspe c ts  o f  R E L  w h ic h  
a r e  r e le v a n t  to the des ign  o f  R e lm a th .  R E L  i s  a l s o  d i s c u s s e d  
i n  [ Dos71;  T h o m p 6 9 ] .
The R E L  s y s te m  used  to i m p l e m e n t  R e lm a th  i s  a ba tch  
s y s te m  w h i c h  runs  unde r  a s t a n d a r d  I B M  OS/360 on a 370 /155 .
I t  c o n s i s t s  o f  a g ro u p  of  p r o g r a m s ,  i n c lu d in g  a p a r s e r ,  a s e m a n t ic  
i n t e r p r e t e r ,  a l i s t  p r o c e s s o r ,  and  a pag ing  c o n t r o l l e r .  T h is  
s y s te m  s u p p o r ts  the d e v e lo p m e n t  o f  h i g h - l e v e l  languages .
A  language im p l e m e n t e d  un d e r  R E L  has a d i c t i o n a r y  
w h i c h  d e s c r ib e s  i t s  syn tax .  The s y n ta x  r u le s  a r e  w r i t t e n  i n  a 
s p e c ia l  la nguage  th a t  i s  p r o c e s s e d  by  the R E L  d i c t i o n a r y  b u i l d e r  
p r o g r a m .  A n  e x a m p le  i s
T h i s  r u le  s p e c i f i e s  the sy n ta x  f o r  a d d i t io n .  NU  is  the p a r t - o f -  
speech nam e f o r  a n u m b e r .  A S F  i s  the a d d - s u b t r a c t  f e a tu re ;  i t  
m u s t  be o f f  i n  the second in p u t  NU  p h ra s e  and  i s  se t  on i n  the 
ou tpu t  NU p h ra s e .  Hence,  sum s  a re  c o l l e c t e d  f r o m  l e f t - t o - r i g h t .  
A D D  i s  a s e m a n t ic  r o u t in e ,  a p r o g r a m  w r i t t e n  i n  a s s e m b l e r  code 
th a t  p e r f o r m s  the a d d i t io n .  E v e r y  r u le  has a s e m a n t ic  r o u t in e  
w h ic h  p e r f o r m s  the s e m a n t ic  t r a n s f o r m a t i o n  in d ic a te d  by  the 
syn tax .
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The  p a r s e r  uses the d i c t i o n a r y  to p a r s e  the in p u t  s ta te m e n ts .  
I t  o p e ra te s  i n  a b o t t o m - u p  m a n n e r .  When the p a r s e r  i s  done, i t  
ou tpu ts  the p a r s e  t r e e  o f  the sentence.  E a c h  node, w h i c h  c o r r e s ­
ponds to  a p h ra s e ,  co n ta in s  a p o in t e r  to  the s e m a n t ic  r o u t in e  o f  
the r u le  th a t  was used to  c o n s t r u c t  t h a t  node. Thus ,  i f  the 
s u m m a t i o n  r u le  was  a p p l i e d  to  c o n s t r u c t  an N U  p h ra s e ,  i t  w i l l  
c o n ta in  a p o i n t e r  to  A D D  and p o in t e r s  to i t s  c o n s t i t u e n ts .
D u r i n g  the s e m a n t ic  phase,  the R E L  i n t e r p r e t e r ,  SEM, 
i s  c a l l e d  to eva lua te  the sentence p h ra s e .  I t  r e c u r s i v e l y  c a l l s  
i t s e l f  to eva lua te  the c o n s t i t u e n ts  o f  any  p h ra s e ,  and then c a l l s  
the s e m a n t ic  r o u t in e .  T h i s  p r o g r a m  r e p la c e s  the p h r a s e ' s  
p o i n t e r s  to  i t s e l f  and the c o n s t i t u e n ts  w i t h  the ou tpu t  v a lu e  o f  the 
p h ra s e .  F o r  in s ta n c e ,  A D D  ob ta ins  the va lues  o f  the c o n s t i t u e n t  
p h r a s e s ,  adds them ,  and m a k e s  the sum  the v a lue  o f  the ou tpu t  
p h ra s e .  The s e m a n t ic  r o u t in e s  m a y  a l s o  p ro d u c e  p r i n t e d  o r  
p l o t t e d  ou tput .
A  r u le  can a l s o  have a sy n ta x  r o u t in e .  T h i s  r o u t in e  i s  
c a l l e d  by  the p a r s e r  when  the r u l e  i s  app l ied .  I t  can  a p p ly  te s ts  
to  d e t e r m in e  w h e th e r  the r u le  i s  r e a l l y  v a l i d ,  i n s e r t  nam es  in  
the d i c t i o n a r y ,  c r e a t e  and b in d  v a r i a b l e  p h r a s e s ,  and o t h e r w i s e  
m o d i f y  the p a r s in g  g raph .  A  c o n d i t io n  r o u t in e  c r e a te s  a v a r i a b l e  
by  r e p la c in g  the s e m a n t ic  r o u t in e  p o in t e r  i n  the ou tpu t  p h ra s e  by  
an  i d e n t i f i e r  o f  the v a r i a b l e  and m a r k i n g  the p h ra s e .  The p a r s e r  
keeps a l i s t  i n  each  p h ra s e  o f  the v a r i a b l e s  th a t  a r e  f r e e  i n  i t .
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A  c o n d i t i o n  r o u t i n e  b inds  a v a r i a b l e  by  d e le t in g  i t  f r o m  the v a r i a b l e  
l i s t  o f  the ou tpu t  p h ra s e .  I t  a l s o  c a l l s  an R E L  u t i l i t y  to o b ta in  the 
r e f r e s h e r  s tack ,  a l i s t  o f  the p h r a s e s  w h e re  the v a r i a b l e  a p p e a rs  
and  those  p h ra s e s  th a t  depend on these.  T h i s  s ta c k  i s  saved  
i n  the ou tpu t  p h ras e .
A  s e m a n t ic  r o u t in e  can be m a r k e d  as a g e n e r a to r  by 
add ing  " ( G ) "  a f t e r  i t s  nam e  i n  the S E M :  s ta te m e n t  o f  a r u le .
A  f l a g  i s  p la c e d  i n  the ou tpu t  p h r a s e ' s  r o u t i n e  p o in t e r ,  and SEM 
w i l l  no t  eva lua te  the p h r a s e ' s  c o n s t i t u e n ts  b e fo re  c a l l i n g  the 
ro u t in e .  The r o u t in e  can then  m o d i f y  the u ne v a lu a te d  c o n s t i t u e n t  
p h ra s e  t r e e s  and c a l l  SE M  to  eva lua te  them .
G e n e r a t o r s  a r e  u s u a l l y  used  i n  c o n ju n c t io n  w i t h  v a r i a b l e s .  
F o r  in s ta n c e  the r u l e
re c o g n iz e s  the sum  n o ta t io n  i n  R e lm a th .  F R  i s  a F O R  range ,  
and  the l e f t  NU m u s t  be a v a r i a b l e  p h ra s e .  The  s y n ta x  r o u t in e  
F O R B I N D  b inds  t h i s  v a r i a b l e  and c o m p u te s  i t s  r e f r e s h e r  s ta c k  
i n  the r i g h t  NU.  SUM uses S E M  to  eva lua te  the F R .  I t  then 
uses  the r e f r e s h e r  s ta c k  to r e p e a te d ly  set  the v a r i a b l e  p h r a s e  i n  
the r i g h t  NU to  s u c c e s s iv e  va lu e s  i n  the range  and  c a l l s  SEM  to  
eva lua te  the NU.  The r e f r e s h e r  s ta c k  i s  a l s o  used  to  r e s e t  the 
s e m a n t ic  r o u t in e  and c o n s t i t u e n t  p o i n t e r s  o f  the p h r a s e s  th a t  
depend on the v a r i a b l e  b e fo r e  each c a l l  to  SEM. O th e r  p h ra s e s
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a r e  no t  r e s e t  o r  r e - e v a lu a te d .  The va lu e s  o f  the NU  p h ra s e  a r e  
added and the sum  is  the v a lue  of  the ou tp u t  p h ra s e .
In  R e lm a th  a l l  nam es  bec o m e  v a r i a b l e  p h r a s e s .  Those  
no t  bound by  s p e c i f i c  s y n ta x  r o u t in e s  a r e  bound by  a g e n e ra l  r o u t i n e  
a s s o c ia t e d  w i t h  the r u l e  to  r e c o g n iz e  a sentence .  T h i s  r u l e ' s  
s e m a n t ic  r o u t in e  i s  a g e n e r a to r  th a t  sets these v a r i a b l e  p h ra s e s  
to  the va lu e s  o f  t h e i r  nam es  and then  c a l l s  S E M  to  eva lua te  the 
sentence.
The R E L  s y s te m  has t h r e e  types  o f  m e m o r y :  a l i s t  a re a ,  
a paged v i r t u a l  m e m o r y ,  and an u n s t r u c t u r e d  b l o c k  o f  m a in  
m e m o r y .  The  l i s t  a r e a  i s  d i v id e d  in to  t h r e e - w o r d  l i s t  e l e m e n ts .  
A n y  w o r d  can be used as a l i s t  l i n k  o r  as data;  the f i r s t  by te  o f  
the e le m e n t  i n d ic a te s  how the w o r d s  a r e  used.  A  m a c r o  ob ta ins  
the n e x t  e le m e n t  f r o m  the f r e e  l i s t .  I f  the l i s t  i s  e m p ty ,  i t  c a l l s  
a ga rbage  c o l l e c t i o n  r o u t in e  t h a t  f i n d s  a l l  the unused  e le m e n ts  and 
puts  them  on the l i s t .  The v i r t u a l  m e m o r y  c o n s i s t s  o f  1024-b y te  
pages w h ic h  m a y  be e i t h e r  i n  c o r e  o r  on the d is k .  A  R E L  s u b r o u ­
t in e  w i l l  l o a d  a page g iven  i t s  v i r t u a l  m e m o r y  a d d re s s  and w i l l  
r e t u r n  i t s  c o r e  a d d re s s .  When the c o r e  a r e a  a l l o c a te d  to pages 
i s  f i l l e d ,  the page r e f e r e n c e d  the l o n g e s t  t im e  ago i s  r e p la c e d  by 
the new page. Thus ,  the m o s t  r e c e n t l y  r e f e r e n c e d  pages r e m a i n  
i n  c o re .  R E L  s u b ro u t in e s  can be used  to copy  l i s t  s t r u c t u r e s  
f r o m  the l i s t  a r e a  to pages and back.
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R E L  i s  a b a tc h  p r o g r a m  tha t  ru n s  i n  two  jo b  s teps.  The  
f i r s t  step does the s y n ta c t i c  p r o c e s s i n g  o f  each in p u t  sentence.  I t  
saves the p a r s e s  on  an i n t e r m e d i a t e  data set .  The second step 
does the s e m a n t ic  p ro c e s s in g .  I t  r eads  the p a r s e s  b a c k  in to  
c o r e  and  c a l l s  S E M  to  eva lua te  each one. In  each s tep the p r o g r a m s ,  
i n c lu d in g  bo th  the R E L  r o u t in e s  and the sy n ta x  o r  s e m a n t ic  r o u t in e s ,  
a r e  l i n k  e d i te d  in to  a lo a d  m o d u le .  Thus ,  the pag ing  i s  used  on ly  
f o r  the data,  no t  the p r o g r a m s .
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I I I .  L A N G U A G E  DESIGN
In  th is  c h a p te r  we w i l l  d i s c u s s  the d e s ig n  o f  a language f o r  
s o l v in g  n u m e r i c a l  e n g in e e r i n g  p r o b le m s .
The U s e r  and the A p p l i c a t i o n  A r e a
I t  i s  f i r s t  n e c e s s a r y  to  c h a r a c t e r i z e  the in te n d e d  u s e r s  o f  
the la nguage  and  i t s  a p p l i c a t i o n  a re a s .  In  t h i s  t h e s is  we a r e  
g e n e r a l l y  c o n c e rn e d  w i t h  u s e r s  who a r e  s c ie n t i s t s  and e n g in e e rs  
who a re  no t  h i g h l y  s k i l l e d  i n  the techn iques  o f  n u m e r i c a l  a n a ly s i s  
o r  c o m p u t e r  p r o g r a m m i n g .  Thus ,  they  a r e  no t  ex pe c ted  to  
deve lop  new n u m e r i c a l  m e th o d s  o r  to  do e x te n s iv e  p r o g r a m m i n g .  
R e lm a th  was  d es igne d  f o r  these  peop le .
A n  a p p l i c a t i o n  a r e a  m u s t  be chosen  f o r  the language .  F o r  
R e lm a th ,  o r d i n a r y  d i f f e r e n t i a l  equ a t ion  i n i t i a l  v a lu e  p r o b l e m s  
w e r e  s e le c te d  as the p r i m a r y  a p p l i c a t i o n  a re a .  These  p r o b l e m s  
a r e  o f  i n t e r e s t  to  the u s e r s ,  and  t h e i r  n u m e r i c a l  t r e a t m e n t  is  
u nd e rs too d .  I t  i s  no t  easy  f o r  an u n s o p h i s t i c a te d  u s e r  to so lve  
s y s te m s  o f  such  equa t ions  u s ing  a c o n v e n t io n a l  p r o g r a m m i n g  
language.
T h i s  p r o b l e m  a r e a  has two  p a r t s .  We w a n te d  to  f a c i l i t a t e  
the s ta te m e n t  o f  the equa t ions ,  the i n i t i a l  v a lu e s ,  and the d o m a in  
o f  the s o lu t io n .  We a l s o  w a n te d  to f a c i l i t a t e  the s ta te m e n t  o f  
the n u m e r i c a l  m e th o d  f o r  s o lv in g  such equa t ions .  F o r  the l a t t e r  
p a r t ,  we w a n te d  to  deve lop  a h i g h e r - l e v e l  la nguage  than F O R T R A N
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f o r  a c la s s  o f  m e th o d s  tha t  i n c lu d e d  a t  l e a s t  those  o f  i n t e r e s t  to 
s tuden ts  and  o th e r  u n s o p h i s t i c a te d  u s e rs .
The  d e f in i t i o n ,  e v a lu a t io n ,  and p r i n t i n g  o r  p l o t t i n g  o f  
f u n c t io n s  was  s e le c te d  as a s e c o n d a ry  a p p l i c a t i o n  a r e a  f o r  R e lm a th .  
A l m o s t  a l l  o f  these  c a p a b i l i t i e s  w e r e  r e q u i r e d  to s u p p o r t  the 
s o lu t i o n  o f  d i f f e r e n t i a l  equa t ions ,  s in c e  we  w a n te d  to  be a b le  to  
de f ine  a u x i l i a r y  f u n c t io n s  and  to  m a n ip u la te  and  d i s p la y  the 
s o l u t i o n s .
O th e r  languages ,  o f  c o u r s e ,  w i l l  have o t h e r  p r o b l e m  
a r e a s .  One language  w i t h  a b r o a d  a p p l i c a t i o n  a r e a  i s  NAPSS 
[ Sym68;  S y m 6 9 ] .  I t  i n c lu d e s  o p e r a t o r s  to so lve  o r d i n a r y  
d i f f e r e n t i a l  equa t ions ,  s y s te m s  o f  l i n e a r  equa t ions ,  and s in g le  
n o n l i n e a r  equa t ions ,  as w e l l  as o p e r a t o r s  to  do i n t e g r a t i o n ,  
d i f f e r e n t i a t i o n ,  and i n t e r p o la t i o n .  POSE [ Sch l67 ]  and  A M T R A N  
[ Se i t z68 ;  R e in 7 0 ]  have  o p e r a t o r s  f o r  a v a r i e t y  o f  p r o b le m s  s i m i l a r  
to those  h a n d le d  by  NAPSS.  A M T R A N  and NAPSS a ls o  in c lu d e  the 
a b i l i t y  to  de f ine  p r o c e d u r e s  i n  a language s i m i l a r  to th a t  o f  P L / I .  
E x a m p le s  o f  la nguages  w i t h  m o r e  r e s t r i c t e d  a p p l i c a t i o n  a re a s  
a r e  S A L E M  [ M o r 6 8 ]  and  P D E L  [ C a r 7 0 ]  f o r  c e r t a i n  c la s s e s  o f  
p a r t i a l  d i f f e r e n t i a l  equa t ions ,  G e a r ' s  la nguage  f o r  o r d i n a r y  
d i f f e r e n t i a l  equa t ions  [ G e a r 6 6 ] ,  and  the L i n c o l n  R e c k o n e r  
[ S tow66]  f o r  m a t r i x  m a n ip u la t i o n s .
The la n g u a g e 's  a p p l i c a t i o n  a r e a  s hou ld  be o f  i n t e r e s t  to  
the u s e r  g roup .  The i n t e r e s t s  o f  t h is  g ro u p  d e t e r m in e  the types
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o f  n u m e r i c a l  p r o b l e m s  th a t  s hou ld  be s u p p o r te d  and  the l e v e l  o f  
s u p p o r t  th a t  can  be p r o v id e d .  G e n e r a l l y ,  the n a r r o w e r  and m o r e  
s p e c i f i c  the u s e r s '  i n t e r e s t s ,  the m o r e  the language  can be 
t a i l o r e d  to  t h e i r  p r o b le m s .
T h i s  le a d s  to a g e n e r a l  p r i n c i p l e  o f  la nguage  des ign .
T ho se  c o m p u ta t io n s  w h ic h  a r e  c o m m o n  to  a l l  p r o b l e m s  i n  an 
a p p l i c a t i o n  a r e a  s hou ld  be m ade  i m p l i c i t  i n  the language.  The 
u s e r  s hou ld  no t  have to  s p e c i f y  these.  Indeed ,  the c o m p u ta t io n s  
w h ic h  a r e  i m p l i c i t  e s s e n t i a l l y  de f ine  the a p p l i c a t i o n  a r e a  o f  the 
language ,  s in ce  p r o b l e m s  t h a t  v io la te  these  i m p l i c i t  a s s u m p t io n s  
can no t  be s ta ted .  The  e x p l i c i t  s ta te m e n ts  th a t  the u s e r  w r i t e s  
s e r v e  to s p e c i f y  the p r o b l e m  w i t h i n  the c la s s  o f  a l l o w a b le  p r o b l e m s .  
The  m o r e  i m p l i c i t  know le dge  abou t  the a p p l i c a t i o n  a r e a  tha t  is  
i n c lu d e d  i n  the language ,  the h i g h e r  the l e v e l  o f  s u p p o r t  f o r  t h is  
a p p l i c a t i o n  a rea .
A n o t h e r  g e n e r a l  p r i n c i p l e  i s  t h a t  the la nguage  shou ld  be 
n a t u r a l .  T h a t  i s ,  i t s  s y n ta x  and s e m a n t i c s  s hou ld  c o r r e s p o n d  
d i r e c t l y  to  the u s e r s '  n o r m a l  n o ta t io n  and i t s  m e a n in g  w i t h i n  
the a p p l i c a t i o n  a re a .  F o r  in s ta n c e ,  d i f f e r e n t i a l  equa t ions  s hou ld  
be e x p r e s s i b le  d i r e c t l y  as equa t ions ,  no t  i n  t e r m s  o f  o t h e r  
la nguage  c o n s t r u c t i o n s ,  and  they  s hou ld  be s o lv a b le  w i t h  a s im p l e  
s ta te m e n t .  H o w e v e r ,  the language need not  s u p p o r t  a l l  v a r i a t i o n s  
o f  n o r m a l  m a t h e m a t i c a l  n o ta t io n  n o r  a s i g n i f i c a n t  p o r t i o n  of  
n o r m a l  E n g l i s h .
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We w i l l  g ive  ex am p les  of  the a p p l i c a t i o n  o f  these  p r i n c i p l e s  
i n  the d es ign  o f  R e lm a th .
S tand a rd  P r o b l e m s
The s ta n d a rd  p r o b l e m s  o f  a la nguage  a r e  those th a t  can 
be s o lv e d  by  b u i l t - i n  o p e r a to r s  o f  the language.  The  sy n ta x  f o r  
s ta t in g  these  p r o b l e m s  shou ld  be n a t u r a l .
In  R e lm a th ,  i n i t i a l  v a lue  p r o b l e m s  f o r  s y s t e m s  o f  
d i f f e r e n t i a l  equa t ions  a r e  o b v i o u s l y  s tan d a rd .  The  d i f f e r e n t i a l  
equa t ions  can be s ta te d  d i r e c t l y  as equa t ions  i n  a n a t u r a l  s y n ta x  
and  s o lv e d  by  a s im p le  s ta te m e n t .  We s h a l l  d i s c u s s  the d es ign  of  
these  aspe c ts  o f  the language m o r e  t h o r o u g h l y  i n  o r d e r  to  show 
the c o n s id e r a t i o n s  in v o lv e d .
O f  c o u rs e ,  i t  was  n e c e s s a r y  to have equa t ions  as a 
data  type.  Some s y n ta x  f o r  d e r i v a t i v e s  had  to  be se lec ted .  The 
p r i m e  n o ta t io n  ( X ' ,  X " ,  e t c . )  was s e le c te d  because  i t  i s  c o m m o n l y  
used  and s im p le .  I t  was  a l s o  dec ided  t h a t  the unknow n  f u n c t io n s  i n  
the equa t ions  s hou ld  no t  have a r g u m e n ts .  T h is  i s  a n o th e r  c o m m o n  
usage.  F o r  i n s ta n c e ,  the  equa t ions  i n  the O R B I T  s y s te m  of  
F i g u r e  2 -6  w e r e  o r i g i n a l l y  w r i t t e n  as
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[ V a r 7 1 ] . T h i s  c o n v e n t io n  a l s o  a l l o w s  the p r o c e s s o r  to  d e t e r m in e  
w h ic h  f u n c t io n s  a r e  unknown f r o m  the s y n ta x  a lone .  NAPSS 
a lw a y s  r e q u i r e s  an a r g u m e n t  a f t e r  a d e r i v a t i v e .  T h i s  i s  m o r e  
u n i f o r m  - -  a l l  f u n c t io n s  have  a r g u m e n t s  - -  bu t  NAPSS a lso  
r e q u i r e s  tha t  the unknown func t ions  be n a m e d  i n  i t s  S O L V E  
s ta te m e n t .  F o r  ex a m p le ,
S O L V E  Y " ( X ) + Y ' ( X ) + E X P ( X ) Y ( X )  = S IN(2X) ,  F O R  Y (X ) ,
ON 0  < X  < 2, W I T H  Y ' ( X  ↔  0) ← 1, Y ( X  ← 0) ← 0;
[ Sym 69 ]  . F o r  s y s te m s  w i t h  s e v e r a l  unknowns ,  n a m in g  t h e m  in  
each S O L V E  s ta te m e n t  w o u ld  be c u m b e r s o m e .
A r r a y s  and  a r r a y  f u n c t io n s  w e r e  i n c lu d e d  because  they  
a re  a n a t u r a l  w a y  to  e x p r e s s  p r o b l e m s  w i t h  m a n y  hom ogenous  
e le m e n ts .  The  gas a b s o r b e r  s y s te m  o f  F i g u r e  2 -4  i s  an e x a m p le .  
H o w e v e r ,  the s iz e  and usage o f  a r r a y  fu n c t io n s  w e r e  r e s t r i c t e d  
to  a v o id  i m p l e m e n t a t i o n  p r o b l e m s ,  as we s h a l l  see.
The a b i l i t y  to  s t o r e  equa t ions  and  i n i t i a l  c o n d i t io n s  i n  
n a m e d  s y s te m s  i s  im p o r t a n t .  O ften,  the u s e r  w o u ld  l i k e  to e n te r  a 
s y s te m  and  then so lve  i t  r e p e a te d ly  w h i l e  v a r y i n g  som e p a r a m e t e r .  
Subsys te m s  w e r e  a l l o w e d  so th a t  h i e r a r c h i c a l  s y s te m s  c o u ld  be 
s ta ted .  In  such s y s te m s ,  equa t ions  and i n i t i a l  c o n d i t io n s  th a t  
be long  t o g e th e r  can  be p la c e d  i n  a s u b s y s te m .  Hence,  p a r t  of  
the s y s te m  can be r e p la c e d  w i t h o u t  chang ing  the re s t .
T w o  f o r m s  of  s y s te m  d e f in i t i o n s  a r e  a l low ed .  The 
B E G IN .  . . E N D  f o r m  i s  m o r e  g e n e r a l  and  w o r k s  w e l l  f o r  l a r g e
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s y s te m s .  H o w e v e r ,  i t  s eem ed  c u m b e r s o m e  f o r  s m a l l  s y s te m s ,  
so the s h o r t  f o r m  i l l u s t r a t e d  by
E Q 1: Y '  = 3 * X ,  X '  = - 2 * Y  
was a l s o  in c lu d e d .
NAPSS a l l o w s  s in g le  equa t ions ,  bu t  no t  i n i t i a l  v a lu e s ,  to  be 
nam ed .  I t  has no s u b s y s te m s .
D i f f e r e n t i a l  equa t ions  o f ten  u t i l i z e  a u x i l i a r y  f u n c t io n s .  
E x a m p le s  a r e  the O R B I T  s y s te m  o f  F i g u r e  2 -6  and  the GA s y s te m  
of F i g u r e  2 -4 ,  C o n s e q u e n t ly ,  f u n c t io n  d e f in i t i o n s  w e r e  in c lu d e d  
i n  R e lm a th .  T h e i r  f o r m  i s  s im p le  and m a tc h e s  c o m m o n  usage.
NAPSS p r o v id e s  an e x a m p le  o f  a la nguage  w i t h  s e v e r a l  
types  o f  s ta n d a rd  p r o b l e m s .  I n t e g r a l s  and d e r i v a t i v e s  can  be 
e v a lu a te d  by  n o ta t io n s  such as ∫ X  *  S IN(X) ,  ( X  ← 0 T O  1) and 
f ' (3.7). S e v e ra l  t y pes  of  equa t ions ,  i n c lu d in g  o r d i n a r y  d i f f e r e n t i a l  
equa t ions ,  s in g le  n o n l i n e a r  equa t ions ,  and  l i n e a r  s y s te m s ,  can be 
s o lv e d  by  the S O L V E  s ta te m e n t .  The p r o c e s s o r  can d e t e r m i n e  the 
type  o f  equa t ion ,  bu t  i t  i s  f a s t e r  i f  the  u s e r  s p e c i f i e s  i t .  The  
u s e r  can a l s o  s p e c i f y  o t h e r  i n f o r m a t i o n ,  such as the n u m b e r  of  
s o lu t i o n s  w a n te d  and the n e ig h b o rh o o d  w h e r e  a s o lu t i o n  i s  to  be 
found,  w h i c h  m a y  be h e lp fu l  to  the p r o c e s s o r  o r  m a y  be needed to  
e n s u re  th a t  the d e s i r e d  s o lu t i o n s  a r e  ob ta ined .  A l l  these  p r o b l e m s  
can  be e x p r e s s e d  i n  a n a t u r a l  syn tax .
In  o r d e r  to  so lve  an equa t ion  i t  i s  u s u a l l y  n e c e s s a r y  to 
w r i t e  i t  i n  a p a r t i c u l a r  f o r m .  T h i s  f o r m  i s o la t e s  c e r t a i n  f u n c t io n s
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and o th e r  e n t i t i e s  th a t  can  be used  by the n u m e r i c a l  m e th o d  used 
to  so lve  the equa t ion .  F o r  in s ta n c e ,  a d i f f e r e n t i a l  equ a t ion  m u s t  
be i n  the f o r m  Z '  = f ( t ,  Z) i n  o r d e r  to  a p p ly  m o s t  n u m e r i c a l  m e th o d s  
to so lve  i t .  T h i s  f o r m  i s o la t e s  the indepe nden t  v a r i a b l e  t ,  the 
dependent  v a r i a b l e  Z and i t s  d e r i v a t i v e ,  and the d e r i v a t i v e  
fu n c t io n  f .  The n u m e r i c a l  m e th o d  is  s ta ted  i n  t e r m s  of  these 
e n t i t i e s .  The o r i g i n a l  equa t ion ,  h o w e v e r ,  m a y  have qu i te  a 
d i f f e r e n t  f o r m .  Language  p r o c e s s o r s  w i t h  f a c i l i t i e s  to  so lve  
equa t ions  m u s t  be ab le  to m a k e  these t r a n s f o r m a t i o n s  be tween 
the equa t ion  and the f o r m  r e q u i r e d  by the n u m e r i c a l  m e thod .
In  R e lm a th ,  a s y s te m  o f  d i f f e r e n t i a l  equa t ions  is  t r a n s f o r m e d  
by  the c o m p u t e r  to the f o r m  Z '  = f ( t ,  Z) i n  o r d e r  to  so lve  i t .
S e v e ra l  s teps a r e  in v o lv e d .  The i n d i v i d u a l  unknown f u n c t io n s  and 
a r r a y  fu n c t io n s  m u s t  be c o l le c te d .  I f  a f u n c t io n  a p p e a rs  w i t h  a 
d e r i v a t i v e  h i g h e r  than f i r s t  o r d e r ,  i n t e r m e d i a t e  v a r i a b l e s  m u s t  
be in t r o d u c e d  to  m a k e  the s y s te m  f i r s t  o r d e r .  T h i s  i s  a 
s ta n d a r d  r e d u c t io n ;  i f  X  has m a x i m a l  o r d e r  n , then U'n r e p la c e s  
X ( n ) , UK  re p la c e s  X ( K - 1 )  f o r  K  =  1, . . . , n , and the equa t ions  
U ' K  = UK+1 a r e  added f o r  K  =  1,  . . . ,  n -1 .  The f u n c t io n s  and i n t e r ­
m e d ia te  v a r i a b l e s  a re  c o l l e c t e d  to f o r m  Z,  the dependent  
v a r i a b l e  v e c t o r ,  and space f o r  each f u n c t io n  i s  a l l o c a te d  i n  Z.
F i n a l l y ,  we m u s t  so lve  the equa t ions  i n  o r d e r  to  c om pu te  the 
m a x i m a l  d e r i v a t i v e  o f  each f u n c t i o n .
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The l a s t  s tep is  the m o s t  d i f f i c u l t  i n  i t s  f u l l  g e n e r a l i t y .
In  R e lm a th ,  i t  was  dec ided  to r e s t r i c t  the s y s te m  o f  equa t ions  
to be q u a s i - l i n e a r  and t r i a n g u l a r  i n  the m a x i m a l  d e r i v a t i v e s .
T h i s  g r e a t l y  s i m p l i f i e d  the p r o g r a m  to so lve  f o r  the d e r i v a t i v e s .  
The  t im e  ga ined  was then  used to deve lop  the p r o c e d u r a l  p a r t  o f  
the language .  Due to  the p r o to t y p e  n a tu re  o f  the c u r r e n t  R e lm a th  
language and  because  the p r o b l e m s  of  s o lv in g  m o r e  g e n e ra l  
s y s te m s  s eem ed  to be b e t t e r  u n d e rs to o d  than those  o f  h i g h e r - l e v e l  
p r o c e d u r a l  languages ,  i t  was f e l t  th a t  e f f o r t  shou ld  be c o n c e n t r a te d  
on the l a t t e r .
We s h a l l  p r e s e n t  the c u r r e n t  m e th o d  and then l a t e r  d i s c u s s  
the p r o b l e m  o f  chang ing  i t  to hand le  o th e r  types  o f  s y s te m s .
D u r i n g  the s y n ta x  phase , nam es  and d e r i v a t i v e s  w h ic h  app e a r  
w i t h o u t  an a r g u m e n t  l i s t  a r e  p a r s e d  as n u m e r i c  v a r i a b l e s .  These  
a r e  bound when the equ a t ion  i s  re c o g n iz e d .  When the S O L V E  
s ta te m e n t  i s  execu ted ,  the p r o c e s s o r  scans the l i s t s  o f  v a r i a b l e s  
i n  the equa t ion  and b u i ld s  a g lo b a l  l i s t  o f  a l l  the nam es  th a t  a r e  
d i f f e r e n t i a t e d .  These  nam es  a r e  the unknown f u n c t io n s ;  a l l  o th e r  
nam es  r e f e r  to t h e i r  c u r r e n t  m e a n in g s .  The s to ra g e  f o r  the 
f u n c t io n  nam es  i s  i n i t i a l i z e d  by  se t t ing  some f l a g  b i t s  and sav ing  
the d o m a in  o f  the fu n c t io n .  The  d o m a in  i s  ob ta ined  f r o m  the F O R  
c la u s e  o f  the S O L V E  s ta te m e n t .  F o r  each unknown fu n c t io n  F ,  
the m a x i m a l  o r d e r  M F  o f  any  of  i t s  d e r i v a t i v e s  i n  the s y s te m  is  
found.  F o r  each  F  an equa t ion  i s  found  tha t  can be so lved
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f o r  F ( M F ) . T h is  i s  done by  sca n n in g  the l i s t  o f  equa t ions  f o r  one
th a t  has a un ique F  such th a t  F ( M F )  o c c u r s  i n  the equa t ion  and F
does no t  a l r e a d y  have  an equat ion .  T h is  equa t ion  i s  a s s o c ia te d  
w i t h  F  i n  the g lo b a l  f u n c t io n  l i s t ,  and the l i s t  i s  r e o r d e r e d  i n  the 
o r d e r  i n  w h i c h  equa t ions  a r e  found  f o r  the fu n c t io n s .  The p ro c e s s  
i s  re p e a te d  u n t i l  a l l  f u n c t io n s  and equa t ions  a r e  acc o u n te d  f o r .
The m e th o d  i s  s l i g h t l y  d i f f e r e n t  f o r  an  a r r a y  fu n c t io n .  I t  
i s  p a r s e d  as an a r r a y  v a r i a b l e  i n  the s y n ta x  phase.  D u r i n g  the 
p r o c e s s  o f  a s s o c ia t i n g  fu n c t io n s  and equa t ions ,  an a r r a y  fu n c t io n  
can have m o r e  than  one equa t ion .  T h is  i s  n e c e s s a r y  s ince  
d i f f e r e n t  equa t ions  m a y  a p p ly  to d i f f e r e n t  a r r a y  e le m e n ts .  The 
s u b s c r i p t s  o f  the m a x i m a l  d e r i v a t i v e s  a r e  i g n o r e d ;  t h is  
r e q u i r e s  tha t  a l l  such d e r i v a t i v e s  i n  one equa t ion  have the same 
s u b s c r i p t .
A f t e r  equa t ions  a r e  a s s ig n e d  to  the fu n c t io n s ,  the g lo b a l  
f u n c t io n  l i s t  i s  o r d e r e d  so th a t  no m a x i m a l  o r d e r  d e r i v a t i v e  
depends on a m a x i m a l  d e r i v a t i v e  o f  a f u n c t io n  l a t e r  i n  the l i s t .  
F r o m  the d e c la r e d  s izes  o f  the a r r a y  f u n c t io n s ,  the n u m b e r  of  
o r d i n a r y  f u n c t io n s  i n  the l i s t ,  and the m a x i m a l  d e r i v a t i v e  o r d e r s ,  
the t o ta l  a m o u n t  o f  s to ra g e  needed f o r  the unknown fu n c t io n  v e c t o r  
i s  c om pu ted .  E a c h  fu n c t io n  is  a s s ig n e d  a d i s p la c e m e n t  i n  th is
v e c t o r .  The v e c t o r  ho lds  F (0), . . . , F ( M F - 1 )  f o r  each f u n c t io n  F .
S to rage  f o r  the v e c t o r ,  i t s  d e r i v a t i v e ,  and th a t  needed by  the 
p r o c e d u r e  to  be used is  a l l o c a te d  i n  the u n s t r u c t u r e d  s to ra g e  a r e a  
o f  R E L .
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The unknown fu n c t io n  v e c t o r  i s  passed  to the p r o c e d u r e
as the dependent  v a r i a b l e  v e c t o r  Z.  When Z '  m u s t  be com pu ted ,
a s u b ro u t in e  o f  the SOLVE s ta te m e n t  p r o c e s s o r  is  c a l le d .  T h is
r o u t in e  cop ies  F ( 1 ) , . . . , F ( M F - 1 )  f r o m  Z to  Z '  f o r  each f u n c t io n  F .
I t  then  uses the g lo b a l  f u n c t io n  l i s t  and the r e f r e s h e r  s tacks  of
the equa t ions  to i n s e r t  the va lu e s  o f  the fu n c t io n s  i n  Z i n to  the
p h ra s e  s t r u c t u r e  o f  the equa t ions .  I t  r e p la c e s  each n u m b e r
v a r i a b l e  w i t h  a t w o - e l e m e n t  s t r u c t u r e  c o n ta in in g  a va lue  ν  and
a c o e f f i c i e n t  c = 0. F o r  any  n u m b e r  p h ra s e  i n  the equa t ion ,  i t s
ν  and  c e le m e n ts  r e p r e s e n t  c x  + v,  w h e r e  x  i s  the f u n c t io n  be ing
s o lv e d  f o r  i n  t h i s  equa t ion .  A  s t r u c t u r e  w i t h  ν  = 0 and  c  =  1 and the
a d d re s s  o f  x  r e p la c e s  a n u m e r i c  v a r i a b l e  f o r  the m a x i m a l
o r d e r  d e r i v a t i v e  x . The  a r i t h m e t i c  s e m a n t ic  r o u t in e s  c o m b in e
these  s t r u c t u r e s ,  c a l c u la t i n g  the new c and ν  e le m e n ts  as i f  the
o p e r a t i o n  w e r e  p e r f o r m e d  on the two  l i n e a r  t e r m s .  F o r  ex a m p le ,
the m u l t i p l i c a t i o n  r o u t in e  c o m b in e s  (c1 , ν 1 ) and (c2 ,  ν 2 ) to  ob ta in
(c1 ν2 + c 2v 1, ν 1 ν 2) , i t  r e q u i r e s  c1 c2 = 0. The r o u t in e  a l s o  passes  
the x  a d d re s s  on. The s e m a n t ic  r o u t in e  tha t  r e c o g n iz e s  an 
equa t ion  s o lves  f o r  x  by  x  = (v 2 - v 1)/ (c1 c 2) a n d p uts t h i s  v a lue  a t  
the a d d re s s  o f  x  i n  Z ' .
F o r  an a r r a y  fu n c t io n ,  the a r r a y  v a r i a b l e  f o r  i t s  m a x i m a l  
o r d e r  d e r i v a t i v e  i s  r e p la c e d  by  a s t r u c t u r e  th a t  has the a d d re s s  
o f  the d e r i v a t i v e  a r r a y  i n  Z ' ; the o t h e r  d e r i v a t i v e  v a r i a b l e s  a re  
r e p la c e d  by  s t r u c t u r e s  p o in t in g  to the a r r a y s  i n  Z.  B i t s  a r e  se t
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i n  each s t r u c t u r e  to show th a t  the a r r a y s  a re  i n  c o r e  and w h e th e r  
t h e y  a r e  f o r  the m a x i m a l  o r d e r  d e r i v a t i v e ,  and a p o in t e r  to the 
a r r a y  f u n c t io n ' s  d im e n s io n s  i s  a l s o  p la c e d  i n  the s t r u c t u r e s .
The s e m a n t ic  r o u t in e  th a t  c o m b in e s  an a r r a y  and a s u b s c r i p t  
l i s t  to get a n u m b e r  w i l l  p r o d u c e  s t r u c t u r e s  s i m i l a r  to those 
s u b s t i t u t e d  f o r  n u m e r i c  v a r i a b l e s .  T h a t  i s ,  the n u m b e rs  f o r  
the know n d e r i v a t i v e s  w i l l  have c = 0; those  f o r  the m a x i m a l  
d e r i v a t i v e  w i l l  have  c =  1, ν  = 0, and the a d d re s s  o f  x  p o in t i n g  to 
the a p p r o p r i a t e  a r r a y  e le m e n t .  The  r e m a in i n g  p r o c e s s i n g  i s  
the same as f o r  n u m e r i c  func t ions .
B y  these  m eans  R e lm a t h  c o m p u te s  the v a lu e  o f  the d e r i v a t i v e  
v e c t o r  Z ' .  To  so lve  the p r o b l e m  u s ing  a language w h ic h  d id  not 
d i r e c t l y  s u p p o r t  d i f f e r e n t i a l  equa t ions ,  such as F O R T R A N ,  the 
u s e r  w o u ld  c o n s t r u c t  Z i n  m u c h  the same w a y  and a s s ig n  the 
fu n c t io n s  to  d i s p la c e m e n ts  i n  Z.  He w o u ld  then  e x p l i c i t l y  so lve  
the equa t ions  h i m s e l f  and w r i t e  a p r o g r a m  th a t  c o m p u te d  the 
d e r i v a t i v e  v e c t o r .  In  t h is  p r o g r a m  he w o u ld  r e f e r  to the f u n c t io n s  
by  t h e i r  d i s p la c e m e n ts  r a t h e r  than  t h e i r  nam es .
We m e n t io n e d  th a t  the s u b s c r i p t s  o f  the m a x i m a l  d e r i v a t i v e s  
o f  a r r a y  f u n c t io n s  a r e  i g n o r e d  d u r in g  the p r o c e s s  o f  a s s ig n in g  
equa t ions  to fu n c t io n s .  To hand le  a r r a y  fu n c t io n s  w i t h  f u l l  
g e n e r a l i t y  w o u ld  r e q u i r e  a p r o g r a m  to  c o m p a r e  s u b s c r i p t s  to 
d e t e r m in e  wh en  they  a re  equal ,  ta k in g  i n t o  a c c o u n t  the f a c t  th a t  
the s u b s c r i p t s  m a y  c o n ta in  in d ic e s  whose va lues  a r e  g e n e ra te d  by 
F O R  c la uses  w i t h  d i f f e r e n t  range s .  Hence,  i t  m u s t  d e t e r m in e
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f o r  w h ic h  v a lu e s  o f  these in d ic e s ,  i f  any ,  the s u b s c r i p t s  a re  
equal .  To  do th is  f o r  a r b i t r a r y  e x p r e s s io n s  w o u ld  r e q u i r e  
ded uc t i ve  c a p a b i l i t i e s .  D e d u c t iv e  p r o c e s s e s  a r e  p o o r l y  u n d e rs to o d  
now,  i n  th a t  they  r e q u i r e  v e r y  l a r g e  a m o u n ts  o f  space and  t im e .  
Hence ,  i t  i s  n o t  y e t  p o s s ib le  to  e f f e c t i v e l y  u t i l i z e  t h e m  to  so lve  
th is  p r o b le m .
The p r o b l e m  m a y  be r e s o l v a b le  by  r e s t r i c t i n g  the f o r m  of 
s u b s c r i p t s  to,  say,  cons tan ts  o r  I  ±  c, w h e r e  I  i s  the in d e x  o f  a 
F O R  c la u s e  and c i s  a cons tan t .  B u t  even then  the p r o g r a m m i n g  
ta s k  w o u ld  be g re a t .  A g a in ,  i t  was  dec ided  to a c c e p t  th is  
r e s t r i c t i o n  and  w o r k  i n s te a d  on the p r o c e d u r a l  language.
We e m p h a s iz e  tha t  the t r a n s f o r m a t i o n  o f  equa t ions  in to  
a s t a n d a r d  f o r m  s hou ld  be done i m p l i c i t l y ,  as i t  i s  i n  R e lm a th .
We a r e  d i s c u s s in g  languages  f o r  s o lv in g  n u m e r i c a l  p r o b l e m s ,  
and the u s e r  s hou ld  no t  have to do any  e x p l i c i t  s y m b o l  m a n ip u la t i o n .
The  r e s t r i c t i o n  on the f o r m  o f  the d i f f e r e n t i a l  equat ions  
c o u ld  be r e m o v e d  i n  R e lm a th .  The p r o c e s s o r  c o u ld  be ex tended 
to  hand le  n o n l i n e a r  and  a l s o  s t i f f  s y s te m s .  H o w e v e r ,  these 
ex tens ions  w o u ld  have  e n ta i l e d  a l a r g e  a m o u n t  o f  p r o g r a m m i n g .
I t  w o u ld  be n e c e s s a r y  to  r e c o g n iz e  and p r o c e s s  s p e c ia l  cases ,  
such as l i n e a r  s y s te m s  o r  those  i n  w h ic h  the m a x i m a l  d e r i v a t i v e s  
a r e  e x p l i c i t l y  so lv e d  f o r .  The g e n e ra l  case  w o u ld  r e q u i r e  
s y m b o l i c  d i f f e r e n t i a t i o n  p r o g r a m s  to  deve lop  the f o r m u l a s  f o r  
the Jacob ians  needed f o r  n o n l i n e a r  and s t i f f  s y s te m s .  These
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p r o g r a m s  c o u ld  be w r i t t e n  f o l l o w i n g  the techn iques  used in  
M A T H L A B  [ Eng69;  E n g 7 l ]  o r  M A C S Y M A  [ M a r 7 1 b ] .  These  
a r e  two  good la nguages  f o r  e x p l i c i t  s y m b o l i c  m a n ip u la t i o n  o f  
e x p r e s s io n s .  H o w e v e r ,  t h is  w o u ld  be a m a j o r  e x te n s io n  o f  the 
s y m b o l i c  p r o c e s s i n g  now done i n  R e lm a th .  The p r o b l e m  of 
r e c o g n i z in g  the e q u a l i t y  o f  a r r a y  s u b s c r i p t s  w o u ld  a l s o  be m o r e  
s e v e re  than  a t  p r e s e n t .  I t  was  d ec ided  to  c o n c e n t r a te  on o th e r  
p a r t s  o f  the language i n  t h is  p r o to t y p e  s y s te m .
P r o c e d u r a l  Languages
In  t h i s  s e c t io n  we a r e  c o n c e rn e d  w i t h  l i n g u i s t i c  f a c i l i t i e s  
f o r  w r i t i n g  p r o c e d u r e s .  In  w r i t i n g  a p r o c e d u r e ,  the u s e r  i s  
d e s c r i b i n g  the m e th o d  to be used to  so lve  a p r o b le m .  When 
s ta n d a rd  f a c i l i t i e s  such as those  d i s c u s s e d  i n  the l a s t  s e c t io n  
a r e  used, he need o n ly  s ta te  the p r o b l e m  and a s k  f o r  i t s  
s o lu t i o n ;  the m e th o d  i s  b u i l t - i n .
P r e v i o u s  languages  f o r  d e s c r i b i n g  n u m e r i c a l  p r o c e d u r e s  
have  been s i m i l a r  to  F O R T R A N ,  P L / I ,  and A L G O L  in  the 
f o l l o w in g  sense. T h e y  have  been des igned  to e x p re s s  any 
n u m e r i c a l  a l g o r i t h m ,  a n d  hence they  have p r o v i d e d  a lo w  l e v e l  
o f  s u p p o r t  f o r  a v e r y  w id e  c la s s  o f  a l g o r i t h m s .  F u r t h e r m o r e ,  
they can m a n ip u la te  s c a la r s ,  a r r a y s ,  and fu n c t io n s ,  bu t  not  
equa t ions .  W h i le  a l l  n u m e r i c a l  p r o b l e m s  and a l g o r i t h m s  can 
be s ta ted  w i th o u t  e x p l i c i t l y  us ing  equa t ions ,  do ing  so i s  le s s
- 7 6 -
n a t u r a l  than us ing  equa t ions .  E v e n  NAPSS, w h ic h  does a l l o w  
equa t ions  f o r  s ta t in g  s ta n d a rd  p r o b l e m s  s o lv e d  by  i t s  b u i l t - i n  
p r o c e d u r e s ,  does no t  a l l o w  a u s e r - w r i t t e n  p r o c e d u r e  to  r e f e r  
to  equa t ions .  T h e r e f o r e ,  i f  a u s e r  w r i t e s  a p r o c e d u r e  f o r  s o lv in g  
d i f f e r e n t i a l  equa t ions ,  say,  he can no t  w r i t e  the equa t ion  i t s e l f  
as in p u t  to  the p r o c e d u r e .  Ins tead ,  he m u s t  t r a n s f o r m  i t  to some 
s ta n d a rd  f o r m  and pass  on ly  the r e q u i r e d  f u n c t io n s  and s c a l a r s  
to  the p r o c e d u r e .
One p u rp o s e  o f  R e lm a th  was to i n v e s t i g a te  an a l t e r n a te  
type  o f  language .  The  R e lm a th  p r o c e d u r a l  la nguage  was 
des igned  to  p r o v id e  a h igh  l e v e l  o f  s u p p o r t  f o r  a c la s s  o f  a l g o r i t h m s  
f o r  s o lv in g  d i f f e r e n t i a l  equa t ions .  I t  was a l s o  des igned  to a l l o w  
the u s e r - w r i t t e n  p r o c e d u r e s  to so lve  equa t ions  w r i t t e n  i n  the 
sam e f o r m  as f o r  the b u i l t - i n  p r o c e d u r e .  To  a c c o m p l i s h  t h i s ,  
the c o m m o n  p a r t s  o f  the a l g o r i t h m s  i n  the d e s i r e d  c la s s  w e re  
i d e n t i f i e d .  These  c o m p u ta t io n s  w e r e  m ade  i m p l i c i t  i n  the 
language ,  i n  a c c o rd a n c e  w i t h  the f i r s t  g e n e r a l  des ign  p r i n c i p l e  
s ta ted  in  the f i r s t  s e c t io n  o f  t h is  c h a p te r .  The la nguage  was 
des igne d  to a l l o w  the r e s t  o f  the a l g o r i t h m s  to  be e x p re s s e d  in  
a n a t u r a l  s t y le .  F i n a l l y ,  the p r o c e d u r e s  can r e f e r  to the 
d e r i v a t i v e  f u n c t io n  and dependent  v e c t o r  w h ic h  r e s u l t  f r o m  the 
t r a n s f o r m a t i o n  o f  the equa t ions  to  the f o r m  Z  '=  f ( t ,  Z) .  Hence,  
the a l g o r i t h m s  a r e  w r i t t e n  i n  t e r m s  o f  t, f ,  Z,  and Z ' ,  w h i c h  a r e
- 7 7 -
c o m m o n l y  used  to  d e s c r ib e  such a l g o r i t h m s ,  bu t  they  can s t i l l  
so lve  equa t ions  w r i t t e n  i n  a n a t u r a l  way .
The  a l g o r i t h m s  to be s u p p o r te d  a r e  those  based  on 
R u n g e - K u t t a ,  p r e d i c t o r - c o r r e c t o r ,  and h y b r i d  f o r m u l a s .  These  
in c lu d e  the m e th o d s  c o m m o n l y  c o v e r e d  i n  i n t r o d u c t o r y  tex ts  i n  
n u m e r i c a l  a n a ly s i s  and i n  s u b r o u t i n e  l i b r a r i e s  such  as C a l t e c h ' s  
M O D D E Q  [ M a t7 0 ]  and I B M ' s  H P C G  [ I B M 6 8 ]  p r o g r a m s .  T h e y  
a r e  o f  i n t e r e s t  to  s tuden ts ,  to u s e r s  who  w a n t  to  c o m p a r e  these  
m e th o d s ,  and  to those  who  p r e f e r  one o f  these  m e th ods .  F o r  
i n s ta n c e ,  H u l l  and C r e e m e r  have  found  h i g h - o r d e r  A d a m s - M o u l t o n  
f o r m u l a s  to be d e s i r a b le  [ H u l l 6 3 ] .  T h i s  c la s s  o f  m e th ods  i s  too 
r e s t r i c t e d  f o r  the s o p h is t i c a te d  u s e r  o r  n u m e r i c a l  a n a ly s t ,  bu t  
R e lm a th  was not  i n te n d e d  to be f o r  t h e i r  use.
A s  m e n t io n e d  e a r l i e r ,  the R e lm a t h  p r o c e d u r a l  la nguage  
was  des igne d  as an a l t e r n a t i v e  to g e n e ra l  p r o g r a m m i n g  la ngua ges .  
A l t h o u g h  i t  i s  l i m i t e d  to a c e r t a i n  c la s s  o f  m e th o d s ,  i t  i s  in te n d e d  
to p r o v id e  a h igh  l e v e l  o f  s u p p o r t  f o r  these  m e th o d s  by  i n c o r p o r a t i n g  
t h e i r  c o m m o n  p a r t s  i m p l i c i t l y  i n  the la nguage  p r o c e s s o r .  I t  
shou ld  show the l e v e l  th a t  can  be a t ta in e d  and th a t  s hou ld  be a 
goa l  f o r  f u t u r e  la nguages  tha t  have a b r o a d e r  scope. E x a m p le s  
o f  the b a s ic  f o r m u l a s  f o r  the  R e lm a th  m e th ods  a r e :
R u n g e - K u t t a ,  f o u r t h  o r d e r  [ L a p 7 I , 4 9 ]
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P r e d i c t o r - c o r r e c t o r , A d a m s - M o u l t o n  f o u r t h  o r d e r  [ Lap 71 ,  180 -181 ]
H y b r i d ,  K o h f i e l d - T h o m p s o n  f o u r t h - o r d e r  [ Koh67 ]
T  i s  the a bs o lu te  l o c a l  t r u n c a t i o n  e r r o r . denotes
p r i m e s  a p p l i e d  to and denote s i m i l a r  a p p l i c a t i o n s  o f  f .
f ( t , Z ) ,  o f  c o u r s e ,  c o m p u te s  Z ' .
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S e ve ra l  s i m i l a r i t i e s  am ong  these  f o r m u l a s  w e r e  no ted  
and  used  i n  des ig n in g  R e lm a th .  F i r s t ,  t h e y  a r e  w r i t t e n  i n  t e r m s  
o f  the in depe nden t  v a r i a b l e  t ,  the dependent  v a r i a b l e  Z,  the  s tep 
s iz e  h, and  the f u n c t io n  f  th a t  c o m p u te s  Z ' .  Second, t h e y  c o m p u te  
Z n+1 f r o m  Z n and p o s s i b l y  p r e v io u s  v a lu e s  of  Z ;  the r e p e t i t i o n  
o f  the  f o r m u l a  to  ge n e ra te  the t o ta l  s o lu t i o n  i s  i m p l i e d .  T h i r d ,  
they  a re  w r i t t e n  f o r  s in g le  equa t ions ,  bu t  they  a r e  ex tended  to  
s y s te m s  by  a p p ly in g  the f o r m u l a s  i n  p a r a l l e l  to  each co m p o n e n t  
o f  Z.  F i f t h ,  th e y  use t e m p o r a r y  v a r i a b l e s ,  w h i c h  bec o m e  v e c t o r s  
i n  the case  o f  a s y s te m .  S ix th ,  any  m u l t i - s t e p  f o r m u l a  m u s t  be 
a c c o m p a n ie d  by  som e s in g le - s t e p  f o r m u l a  to  get  s ta r te d .
O th e r  f o r m u l a s  e x h ib i t  f e a tu re s  no t  shown i n  these .  S a ra f y a n ' s  
m e th o d  uses s p e c ia l  R u n g e - K u t t a  f o r m u l a s  to c o m p u te  Zn+1 and 
Zn+2 i n  one s tep [ Lap71 ,  7 2 - 7 3 ] .  Some m e th o d s  i t e r a t e  a 
c o r r e c t o r  u n t i l  c o n v e rg e n c e  i s  a c h ie v e d  o r  f o r  some m a x i m u m  
n u m b e r  o f  t im e s .  I B M ' s  H P C G  a l g o r i t h m  uses  a R u n g e - K u t t a  
schem e to s t a r t  and then r e f i n e s  the va lu e s  o f  Z 1, Z 2 , and Z 3 
by  i n t e r p o l a t i o n  f o r m u l a s  b e fo r e  a p p ly in g  a m u l t i - s t e p  m e th o d  
[ I B M 6 8 ,  3 3 7 - 3 4 3 ] .
The  h a r d e s t  p a r t  o f  p r o g r a m m i n g  these a l g o r i t h m s  is  c o n t r o l l i n g  
the  s tep s ize .  P r a c t i c a l  m e th o d s  do no t  s i m p l y  r e p e a t  the f o r m u l a s  
w i t h  a f i x e d  s tep s ize .  T he y  e s t im a t e  the t r u n c a t i o n  e r r o r  and 
a d ju s t  the s tep  s ize  so th a t  the e r r o r  i s  kep t  be low  som e p r e s c r i b e d  
l i m i t .  P r e d i c t o r - c o r r e c t o r  and som e R u n g e - K u t t a  sc h e m e s ,
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such  as S a ra fy a n ' s ,  c o m p u te  the t r u n c a t i o n  e r r o r  e s t im a t e  d i r e c t l y .
M o s t  R u n g e - K u t t a  sc hem es ,  h o w e v e r ,  do not.  I t  i s  n e c e s s a r y  to
a p p ly  the schem e to  c o m p u te  Zn+1 a n d then  aga in  to  get  Z n+2 f r o m
Zn + 1 . The  schem e  is  a p p l i e d  a t h i r d  t i m e  w i t h  a doub led  step
s ize  to c o m p u te  Zn+2 a g a in  f r o m  Z n . The  d i f f e r e n c e  be tween
the tw o  va lu e s  o f  Zn+2 g ives  an e r r o r  e s t im a te .
When the s tep s ize  i s  changed i n  a m u l t i - s t e p  s chem e ,  the
r e q u i r e d  p r e v io u s  v a lu e s  o f  Z and Z '  m u s t  be m ade  a v a i la b le  a t
the va lues  o f  t  i m p l i e d  by  the new h. One w a y  o f  do ing  th is  i s  to
s t a r t  o v e r  w i t h  the R u n g e - K u t t a  schem e,  j u s t  as a t  the  beg inn ing .
A n o th e r  i s  to  m a k e  use of  the k now n  p r e v io u s  v a lu e s  and c o m p u te
the o th e r s  by  i n t e r p o la t i o n .  F o r  e x a m p le ,  suppose Z n-1, Z n-2,
and  Zn - 3  a r e  needed.  I f  h  i s  doub led  and  Zn - 4 , Zn - 5 , and  Zn-6. 
have a l s o  been saved, then  the t h r e e  va lu e s  needed a r e  j u s t
Zn - 2 , Zn - 4 , and Zn - 6 . These  becom e Zn - 1 , Zn-2, and  Zn-3 
f o r  the new h; h can  no t  be doub led  ag a in  f o r  t h re e  s teps.  I f  h
i s  ha lved ,  then  Zn-1, b e c o m e s  Zn - 2 . The  new v a lu e s  o f  Zn-1
and  Zn-3 a r e  c o m p u te d  by  i n t e r p o la t i o n .  T h i s  m e th o d  r e q u i r e s  
th a t  h o n l y  be h a lv e d  o r  doubled,  bu t  t h a t  i s  c o m m o n l y  done i n  
any  case.
The  s tep s ize  can no t  be changed a r b i t r a r i l y .  I t  shou ld  no t  
be a l l o w e d  to  ge t  too s m a l l .  I t  a l s o  can  no t  be in c r e a s e d  a t  any 
t im e .  The  S O L V E  p r o c e s s o r  r e q u i r e s  th a t  the s o lu t i o n  va lues  
be ob ta ined  a t  i n t e r v a l s  o f  the o r i g i n a l  s tep s ize ,  w h ic h  i s  the
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i n c r e m e n t  o f  the F O R  range .  Hence,  the  s tep  s iz e  can no t  be 
i n c r e a s e d  wh en  th a t  a c t io n  w o u ld  cause one o f  the r e q u i r e d  s o lu t i o n  
v a lu e s  to be sk ipped .  A g a in ,  t h is  i s  e a s i e r  to  c o n t r o l  i f  the s tep 
s ize  i s  o n l y  h a l v e d  o r  doubled.
The  language  was d es igne d  w i t h  the c o m m o n  c h a r a c t e r i s t i c s  
and  the d i f f e r e n c e s  o f  these  a l g o r i t h m s  i n  m in d .  The u s e r  can 
d e c la r e  nam es  f o r  the in dependen t  and  dependent  v a r i a b l e s ,  the 
d e r i v a t i v e  fu n c t io n ,  the s tep  s ize  and s tep n u m b e r ,  and the 
r e q u e s te d  p r e c i s i o n .  Hence,  he can  w r i t e  the p r o c e d u r e  i n  t e r m s  
th a t  a r e  n a t u r a l  to the s p e c i f i c a t i o n  o f  these  a l g o r i t h m s .  O n ly  the  
s tep  f r o m  Zn to Z n + 1  o r  p o s s i b l y  f u r t h e r ,  need be s p e c i f i e d ;
the s y s te m  w i l l  a u t o m a t i c a l l y  re p e a t  the p r o c e d u r e .  A r r a y  
a r i t h m e t i c  w i t h  c o m p o n e n t - b y - c o m p o n e n t  o p e r a t o r s  was i m p l e m e n t e d  
so th a t  the f o r m u l a s  f o r  the ba s ic  m e th o d s  c o u ld  be w r i t t e n  n o r m a l l y .  
Segments  w e r e  i n t r o d u c e d  to  a c c o m m o d a te  p r o c e d u r e s  w i t h  
m u l t i - s t e p  and  s i n g l e - s t e p  p a r t s ;  the s y s te m  a n a ly z e s  the s egm en ts  
to  d e t e r m i n e  the va lu e s  o f  Z and Z '  t h a t  need to  be saved  and  how 
m a n y  v a lu e s  m u s t  be c o m p u te d  b e fo r e  the m u l t i - s t e p  p a r t  can  be 
used.
The  A P P L Y  s ta te m e n t  has tw o  i m p o r t a n t  f u n c t io n s .  F i r s t ,  
i t  p e r m i t s  a h i e r a r c h i c a l  s t r u c t u r e  i n  a p r o c e d u r e .  S u b p ro c e d u re s  
can be used  to i s o la t e  p a r t s  o f  the m e th o d s  and to s h a re  th e m  
am ong  p r o c e d u r e s .  F o r  in s ta n c e ,  the ba s ic  f o r m u l a s  th a t  de f ine  
a R u n g e - K u t t a  schem e can be pu t  i n  a s u b p ro c e d u r e  and then  used
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by  s e v e r a l  o th e r  p r o c e d u r e s .  Second, i t  a l l o w s  a s u b p ro c e d u r e
to  be c a l l e d  w i t h  v a r y i n g  c o n d i t io n s .  The  s tep s ize  and s tep n u m b e r
can be changed  so th a t  a p r o c e d u r e  w r i t t e n  to  c o m p u te  Z n +1 f r o m
Zn can be used  to  c o m p u te  Zn+2 from Zn o r  f r o m  Zn + 1 , f o r  
e x a m p le .  T h i s  i s  r e q u i r e d  to  e s t im a t e  the e r r o r  i n  som e m e th ods .
O th e r  f a c i l i t i e s  w e r e  a l s o  in c lu d e d  to  c o m p u te  e r r o r  e s t im a te s  
and  change the s tep  s ize .  The  M A X  o p e r a t o r  w i t h  one a r g u m e n t  
can  o b ta in  the m a x i m u m  e r r o r  i n  a v e c t o r .  A n  a s s i g n m e n t  to 
the s tep  s ize  h a l t s  the p r o c e d u r e  and  causes  i t  to  r e s t a r t  w i t h  the 
s i n g l e - s t e p  s egm en t .  The  s y s te m  does a l l  the c h e c k in g  needed to 
i n s u r e  th a t  the s o l u t i o n  i s  ob ta in e d  a t  the r e q u i r e d  va lu e s  o f  the 
in depe nden t  v a r i a b l e ,  s in c e  these  c h ecks  a r e  c o m m o n  to  a l l  
these  a l g o r i t h m s .  The I F .  . . T H E N .  . . E L S E  and  DO. . . E N D  
c o n s t r u c t i o n s  p e r m i t  c o m p le x  d e c is io n s  i n  the s e g m e n ts ;  these 
w e r e  needed to  s u p p o r t  m e th ods  tha t  r e s t a r t  by  i n t e r p o la t i o n ,  such 
as S T A N I N T .
The  U N T I L  c la u s e  on a DO s ta te m e n t  was i n c lu d e d  to p e r m i t  
i t e r a t i o n  u n t i l  a c o n v e rg e n c e  c r i t e r i o n  was  s a t i s f i e d .  The USE 
and  A P P L Y  s ta te m e n ts  a l l o w  a f i x e d  s tep  s ize  so th a t  the e f fe c t  
o f  e x e c u t in g  a p r o c e d u r e  w i t h o u t  a d ju s t in g  the s tep  s ize  f o r  
e r r o r  c o n t r o l  can  be e a s i l y  s tud ied .
The R e lm a th  p r o c e d u r a l  language  shows the l e v e l  o f  s u p p o r t  
t h a t  can  be a t ta in e d  f o r  a c la s s  o f  n u m e r i c a l  m e th o d s .  W h i le  
t h i s  c la s s  i s  l i m i t e d ,  the language  p r o v id e s  a goa l  f o r  o th e r
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languages .  We w o u ld  l i k e  to  deve lop  s i m i l a r l y  h i g h - l e v e l  la nguages  
w i t h  b r o a d e r  scopes o r  f o r  o th e r  types  o f  p r o b le m s ,  such as 
p a r t i a l  d i f f e r e n t i a l  equa t ions .
D e c la r a t i o n s  and N a m e s
A s  a c onve n ie nce  to  the u s e r ,  i t  i s  d e s i r a b l e  no t  to r e q u i r e  
d e c l a r a t i o n s  o f  the n a m e s .  A t  the sam e t i m e ,  i t  i s  n e c e s s a r y  
to be ab le  to  d e t e r m i n e  the a t t r i b u t e s  o f  a nam e ,  and i n  some 
cases  d e c la r a t i o n s  m a y  be needed to  do th is .  Thus ,  som e ba lance  
i s  needed h e re .
I n  som e languages ,  a l a c k  o f  d e c l a r a t i o n s  can r e q u i r e  c o n s i ­
d e r a b l y  m o r e  p r o c e s s i n g  t im e .  F o r  in s ta n c e ,  c o n s id e r  the 
e x p r e s s i o n  " A + B " .  In  NAPSS,  A  and  B m a y  each be e i t h e r  a 
s c a l a r  o r  an  a r r a y ,  r e a l  o r  c o m p le x ,  w i t h  lo n g  o r  s h o r t  p r e c i s i o n .
The  NAPSS i n t e r p r e t i v e  r o u t in e  f o r  a d d i t i o n  m u s t  d i s t i n g u i s h  a l l  
these  cases  and  p e r f o r m  the p r o p e r  o p e ra t io n .  In  g e n e ra l ,  i f  
a la nguage  does no t  have  d e c la r a t i o n s  and an o p e r a t o r  can  a p p ly  to 
op e ra n d s  w i t h  m a n y  d i f f e r e n t  a t t r i b u t e s ,  then  the exac t  o p e r a t i o n  
to  be p e r f o r m e d  can no t  be d e t e r m i n e d  a t  the  t im e  an e x p r e s s i o n  
i s  p a rs e d .  In  som e cases ,  a g lo b a l  a n a l y s i s  o f  the p r o g r a m  
can  d e t e r m in e  the a t t r i b u t e s  th a t  the o p e ra nds  w i l l  have ,  and  the 
ex ac t  o p e r a t i o n  can  then  be d e te r m in e d .  B u t  i n  o t h e r  cases  t h i s  
i s  no t  p o s s ib le ,  and the o p e r a t i o n  can  be d e t e r m i n e d  on ly  b y  e x a m in in g  
the o p e ra n d s '  a t t r i b u t e s  w hen  the  o p e r a t i o n  i s  execu ted .  U s u a l l y ,  
i t  i s  e a s ie r  to  i m p l e m e n t  a la nguage  by  a lw a y s  d e f e r r i n g  th is
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d e t e r m i n a t i o n  u n t i l  e xe c u t io n ,  s ince  then  a g lo b a l  a n a ly s i s  i s  no t  
needed.
In  R e lm a t h  t h i s  p r o b l e m  a r i s e s  o n l y  i n  d i f f e r e n t i a l  equa t ions ,  
w h e r e  a n u m b e r  m a y  be e i t h e r  a s in g le  v a lu e  o r  a c o e f f i c i e n t -  
v a lu e  p a i r .  The  a r i t h m e t i c  o p e r a to r s  m u s t  d e t e r m i n e  w h e th e r  
a c o e f f i c i e n t  i s  p r e s e n t  and a c t  a c c o r d i n g l y .  T h i s  s in g le  t e s t  
i s  easy  and l e s s  c o m p l i c a t e d  than  the te s ts  needed  i n  a la nguage  
l i k e  NAPSS w i t h  a v a r i e t y  o f  t ypes  o f  n u m b e r s .  F u r t h e r m o r e ,  the 
n o n - p r o c e d u r a l  p a r t  o f  the language  i s  used  by  l e s s  e x p e r i e n c e d  
peop le  and s hou ld  be con v e n ie n t .  N o t  r e q u i r i n g  d e c la r a t i o n s ,  
e x c e p t  f o r  a r r a y s  and  a r r a y  fu n c t io n s ,  s i m p l i f i e s  t h i s  p a r t  o f  the 
language .  A r r a y s  m u s t  be d e c la r e d  so th a t  t h e i r  d im e n s io n s  w i l l  
be known.
In  the  p r o c e d u r a l  p a r t  o f  R e lm a th ,  the nam es  f o r  the indepe nden t  
and  dependent  v a r i a b l e s ,  the d e r i v a t i v e  fu n c t io n ,  the s tep  s ize  
and  s tep n u m b e r ,  and the p r e c i s i o n  m u s t  be d e c la r e d .  T h is  
a l l o w s  the  s y s te m  to  a s s o c ia te  these  nam es  w i t h  the c o r r e s p o n d in g  
e n t i t i e s .  The  d e c la r a t i o n s  o f  the s tep s ize  and p r e c i s i o n  a re  
n e c e s s a r y  to  d i s t i n g u i s h  th e m  f r o m  o r d i n a r y  s c a l a r s ;  the 
d e r i v a t i v e  f u n c t io n  m u s t  be d i s t i n g u i s h e d  f r o m  o th e r  f u n c t io n s .
The  use o f  the o t h e r  nam es  m i g h t  be d e t e r m i n a b le  f r o m  a g loba l  
a n a ly s i s  of  the p r o c e d u r e ,  bu t  th a t  d id  no t  seem w o r t h w h i l e .
These  s i x  nam es  a r e  n a t u r a l  ones to  d e c la r e ,  they  w o u ld  n o r m a l l y  
be d e s c r i b e d  i n  a t e x tb o o k  o r  i n  c o m m e n ts  i n  a p r o g r a m ,  and they  
can  be used  i n  s e v e r a l  p r o c e d u r e s  w i t h o u t  r e d e c l a r a t i o n .
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A r r a y s  w i t h  a d im e n s io n  o f  " < * > "  a r e  used  i n  p r o c e d u r e s  
as t e m p o r a r y  v e c t o r s .  These  a r e  d e c l a r e d  so th a t  they  a r e  
d i s t i n g u i s h a b le  f r o m  s c a la r s .  A t  some f u tu r e  t i m e  the la nguage  
p r o c e s s o r  m i g h t  be m o d i f i e d  so th a t  t h is  d i s t i n c t i o n  i s  m a d e  by  a 
g lo b a l  a n a ly s i s ,  bu t  no t  now. A g a in ,  these  n a m e s  can  be used  
i n  s e v e r a l  p r o c e d u r e s .
We w i l l  b r i e f l y  d e s c r i b e  the m e th o d  of  h a n d l in g  u n d e c la re d  
nam es  i n  R e lm a t h  s in c e  s i m i l a r  m e c h a n is m s  c o u ld  be used  i n  
o th e r  la nguages .  The nam es  a r e  found  in  a p r e s c a n  of  the sentence 
b e f o r e  p a r s i n g  i t .  I n i t i a l l y ,  th e y  a r e  g iven  a l l  p o s s i b l e  p a r t s  o f  
speech,  bu t  those  no t  c o m p a t i b le  w i t h  t h e i r  co n te x ts  w i l l  d ro p  
ou t  o f  the p a r s e .  S e m a n t i c a l l y ,  a l l  data  types  have a c o m m o n  
hea d e r .  T h is  h e a d e r  co n ta in s  f l a g  b i t s  to t e l l  w h a t  t ype  the na m e  
a c t u a l l y  i s .  T h e r e  i s  a l s o  a v a lu e  f i e l d ,  whose  c on ten ts  depend 
on the a c tu a l  data  type .  F o r  e x a m p le ,  i t  co n ta in s  the  v a lu e  o f  a 
s c a l a r  o r  a p o i n t e r  to an a r r a y .
N o ta t io n  f o r  O p e r a to r s
The n o ta t io n  f o r  the  i n d i v i d u a l  o p e r a t o r s  o f  the la nguage  
s hou ld  be as c lo s e  as p o s s ib le  to  n o r m a l  p r a c t i c e .  T h i s  w i l l  
m a k e  the la nguage  e a s ie r  to  use. In  d e s ig n in g  t h i s  n o ta t ion ,  we 
m u s t  take  note  o f  som e i d i o s y n c r a c i e s  i n  m a t h e m a t i c a l  usage.
F o r  e x a m p le ,  i n  R e lm a t h  the e x p r e s s i o n  " 1  <  X  < 2 "  i s  t r u e  i f  
X  i s  be tween  1 and  2. In  P L / I ,  h o w e v e r ,  the e x p r e s s i o n  i s  a lw a y s
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t r u e .  P L / I  was des igned  as a g e n e r a l  p r o g r a m m i n g  language.
I t s  s y n ta x  f o r  e x p r e s s io n s  g ives  a c o n s i s te n t  m eans  of  
m a n ip u la t i n g  a v a r i e t y  o f  da ta  types ,  bu t  i t  does no t  g iv e  s u f f i c i e n t  
a t t e n t i o n  to  the n o r m a l  m e a n in g s  o f  i t s  s y m b o ls .  R e lm a t h  dea ls 
w i t h  a s m a l l e r  n u m b e r  o f  data  t ypes  i n  a m o r e  n a t u r a l  m a n n e r .
O th e r  e x a m p le s  a r e  the v e r t i c a l  b a r  f o r  a b s o lu te  v a lue  and the M O D  
o p e r a t o r  f o r  m o d u lu s .
The n o ta t io n  f o r  the  o p e r a t o r s  l i k e  SUM w i t h  a F O R  c la u s e  
i s  no t  c o n s is te n t .  F o r  i n s ta n c e ,  we can  w r i t e  
SUM F O R  X  =  1, . . . , 10 ( X * X )  
bu t  we  a l s o  w r i t e
F O R  A N Y  X  =  1, . . . , 10 ( F ( X )  <  1)
i n s te a d  of  A N Y  F O R  X  =  1, . . . , 10 ( F ( X )  <  1). In  o t h e r  w o r d s ,  the 
SUM, A N Y ,  F IR S T ,  and  s i m i l a r  o p e r a t o r s  do no t  a l l  f i t  one f o r m  
w i t h  on ly  the  o p e r a t o r  n a m e d  changed.  T h i s  was done because  the 
s m a l l  changes i n  the f o r m s  m a d e  the d i f f e r e n t  o p e r a t o r s  r e a d  
b e t t e r .
The  t e m p o r a r y  f u n c t io n  n o ta t io n  i n  R e lm a th ,  h o w e v e r ,  was 
a c o m p r o m i s e  be tween  s e v e r a l  c o n s id e r a t io n s .  To  d i s c u s s  i t ,  
we  w i l l  need an ex a m p le .  C o n s id e r  a f u n c t io n  I  d e f in e d  by
I (F)  = 1 I F  F O R  A L L  X  = 0, . 1, . . . , 1 ( F ( X )  >  0), E L S E  0 
I  expec ts  a u n a ry  f u n c t io n  as i t s  a r g u m e n t .  We can  use I  as i n  
G(T)  = T * T  
P R I N T  I (G)
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bu t  we  w o u ld  a l s o  l i k e  to  be ab le  to  w r i t e  
P R I N T  I ( T * T )
In  t h i s  case  i t  i s  c l e a r  th a t  " T * T "  shou ld  be i n t e r p r e t e d  as a 
f u n c t io n  o f  T.
I n  s e v e r a l  m a t h e m a t i c a l  n o ta t io n s  e x p r e s s i o n s  a r e  i n t e r p r e t e d
as f u n c t io n s  by  t a k in g  one o r  m o r e  of  t h e i r  v a r i a b l e s  as p a r a m e t e r s
o f  the fu n c t io n .  In  s om e  cases ,  the p a r a m e t e r  v a r i a b l e s  a r e
i d e n t i f i e d  i n  the n o ta t io n ;  i n  o th e rs ,  they  a r e  i d e n t i f i e d  by a
c o n v e n t io n  on the use o f  nam es .  F o r  e x a m p le ,  i n  " ∫ a t2 dt,"  the
" d t "  i n d ic a te s  th a t  " a t 2 "  i s  a f u n c t io n  o f  t ,  not  a. I t  has the  sam e  
use i n  " . "  In  w r i t i n g  i n t e g r a l  t r a n s f o r m s ,  t h e r e  
i s  o f te n  a c o n v e n t i o n  th a t  som e l e t t e r ,  such as s, i s  the p a r a m e t e r  
v a r i a b l e  i n  the e x p r e s s i o n  to w h ic h  the t r a n s f o r m  i s  app l ied .
In  R e lm a t h  the p a r a m e t e r  v a r i a b l e s  a r e  a lw a y s  shown e x p l i c i t l y .  
I n  the e x a m p le  above,  we w o u ld  w r i t e  
P R I N T  I ( F U N C T I O N  (T ) :  T * T )
In  t h is  case,  the p h r a s e  " F U N C T I O N ( T ) : "  seem s  u n n e c e s s a ry ,  
bu t  th a t  i s  on ly  because  T i s  the o n ly  na m e  in  the a r g u m e n t  e x p r e s ­
sion .  I f  o t h e r  nam es  w e r e  p r e s e n t ,  w e  w o u ld  e i t h e r  have to  
des igna te  T  as the p a r a m e t e r  na m e  o r  have  som e c o n v e n t io n  as 
to  w h i c h  nam es  c o u ld  be p a r a m e t e r s .
The  m e th o d  of  a l l o w in g  the u s e r  to e s t a b l i s h  a c o n v e n t io n  was 
r e j e c t e d  because  i t  w o u ld  be c u m b e r s o m e  i f  t e m p o r a r y  f u n c t io n s
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w e r e  nes ted ,  o r  i f  a nam e  m i g h t  s o m e t im e s  be a p a r a m e t e r  
v a r i a b l e  and  s o m e t im e s  not.  In  some cases ,  the u s e r  m ig h t  no t  
have a c l e a r  c o n v e n t io n  to  f o l l o w .  The p r e s e n t  n o ta t io n  is  
una m b iguo us ,  a l th o u g h  a b i t  le n g th y .  I t  i s  a l s o  p r a c t i c a l l y  i d e n t i c a l  
to  tha t  used  in  the la m b d a  c a l c u lu s  and s e m a n t i c a l l y  the sam e as 
the " d t "  n o ta t io n  i n  i n t e g r a l s  and d e r i v a t i v e s .
In A L G O L  60 a n o th e r  m e th o d  was used, the  " c a l l  by  
n a m e "  [ N a u r6 3 ,  12 ] .  T h e r e  we c o u ld  de f ine  I  by
T h i s  m a y  be c a l l e d  by I ( s i n ( x ) ,  x ). The a r g u m e n t  x  r e p la c e s  t, 
and  s in ( x )  r e p la c e s  f. Hence,  the f o r  c la u s e  causes  the v a lue  
o f  f  to  change as t  i s  stepped. T h i s  h idden  dependence of  one 
p a r a m e t e r  on a n o th e r  i s  no t  d e s i r a b le  i n  a language f o r  r e l a t i v e l y  
u n s o p h i s t i c a te d  u s e r s ,  a l th o u g h  i t  i s  a p o w e r f u l  dev ice  f o r  the 
s o p h is t i c a te d  p r o g r a m m e r .
Inpu t  and O u tpu t  F o r m a t s
R e lm a th  r e c e i v e s  i t s  in p u t  as a l i n e a r  c h a r a c t e r  s t r i n g .
T h i s  i n  i t s e l f  im p o s e s  som e m o d i f i c a t i o n s  of  n o r m a l  m a t h e m a t i c a l  
n o ta t io n ,  w h i c h  i s  t w o - d im e n s io n a l .  Thus ,  exponents  and  s u b s c r i p t s  
m u s t  be w r i t t e n  as p a r t  o f  the l i n e  w i t h  s p e c ia l  o p e r a t o r s  to 
d i s t i n g u i s h  them .
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Some w o r k  has been done by  o th e r s  to  a c c e p t  h a n d - d r a w n  
t w o - d im e n s io n a l  i n p u t  [ B e rn 6 9 ;  B l a c k  69; M a r 7 1 a ;  W i l l 7 2 ] .
H o w e v e r ,  t h i s  w o r k  has c o n c e n t r a te d  on the p r o b l e m s  of  r e c o g n i z in g  
the in p u t  and  p r o v i d i n g  s i m i l a r ,  t w o - d im e n s io n a l  ou tpu t .  These  
languages  do no t  have p o w e r f u l  s ta te m e n ts  to  so lve  s ta n d a rd  
p r o b le m s .  I t  w o u ld  be d e s i r a b le  to  c o m b in e  t h i s  type  o f  i n p u t  
w i t h  a m o r e  p o w e r fu l  language.  I f  s u i ta b le  h a r d w a r e  w e r e  a v a i l a b le ,  
we w o u ld  a t t e m p t  t h i s  w i t h  R e lm a th .
In  des ig n in g  the ou tpu t  s ta te m e n ts  f o r  R e lm a th ,  we w a n te d  
s im p le  s ta te m e n ts  th a t  peop le  who w e r e  no t  e x p e r i e n c e d  
p r o g r a m m e r s  w o u ld  f i n d  easy  to  use. Thus ,  we p r o v i d e d  an 
u n f o r m a t t e d  p r i n t  s ta te m e n t  and a r e s t r i c t e d  type  o f  f o r m a t t e d  
s ta te m e n t .  The  f o r m a t  s p e c i f i c a t i o n  i s  by  m eans  o f  a p i c t u r e  
o f  the ou tpu t  l i n e  r a t h e r  than  a s e r i e s  o f  f o r m a t  i t e m s  d e s c r i b i n g  
each  f i e l d .  T h i s  type  o f  s p e c i f i c a t i o n  i s  m o r e  r e s t r i c t i v e  than 
F O R T R A N 'S ,  bu t  a l s o  e a s ie r .  I t  i s  based  on th a t  used  i n  JOSS 
[ B r y 6 7 ] .
The  p l o t  s ta te m e n ts  a r e  a l s o  s im p le .  P l o t s  can be ob ta ined  
w i t h  no s p e c i f i c a t i o n s  f r o m  the u s e r ,  o r  s im p le  s ta te m e n ts  can 
be used  to  s p e c i f y  the t i t l e s  and  range s  o f  the axes .  The a m o u n t  
o f  c o n t r o l  g iven  to the u s e r  i s  m u c h  l e s s  than tha t  a v a i l a b le  i n  
a n o r m a l  F O R T R A N  p lo t t i n g  package.  H o w e v e r ,  we w a n te d  a 
s im p l e  s y s te m  w i t h  s u f f i c i e n t  c o n t r o l  f o r  m o s t  u s e r s  r a t h e r  than 
a c o m p l i c a t e d  s y s te m  th a t  w o u ld  f o r c e  the u s e r  to m ake  m a n y  
cho ices .
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G e n e r a l l y ,  f o r  n u m e r i c a l  e n g in e e r in g  languages  o f  the type  
we a r e  c o n s i d e r i n g  i t  i s  b e t t e r  to  have s im p l e  ou tpu t  s ta te m e n ts  
w i t h  a m i n i m u m  o f  cho ic es .  These  a r e  s u f f i c i e n t  f o r  m o s t  
p u rp o s e s ,  and they  keep the u s e r  f r o m  m a k in g  e l a b o r a te  ou tpu t  
f o r m a t s .
R e m a in in g  P r o b l e m s
B a s ed  on o u r  e x p e r i e n c e  w i t h  R e lm a th ,  w e  can id e n t i f y  
f o u r  r e m a i n i n g  p r o b l e m  a r e a s  f o r  languages  f o r  d i f f e r e n t i a l  
equa t ions .  Indeed ,  these  c o m m e n ts  a p p ly  to languages  f o r  o th e r  
types  o f  n u m e r i c a l  e n g in e e r in g  languages  as w e l l ,  a l th o u g h  
t h e r e  m a y  be som e a d d i t i o n a l  p r o b l e m s  i n  som e s p e c i f i c  f i e l d s .  
The p r o b l e m  a r e a s  a r e :
1. The  i n t e g r a t i o n  of  t w o - d im e n s io n a l ,  h a n d - d r a w n  in p u t  w i t h  
p o w e r f u l  languages  f o r  s o l v in g  s ta n d a rd  p r o b le m s .
2. G r e a t e r  use o f  i m p l i c i t  s y m b o l i c  m a n ip u la t i o n  to  d e r i v e  
e x p r e s s io n s  th a t  a r e  needed i n  n u m e r i c a l  p r o b l e m s ,  as i n  the 
c o m p u ta t io n  o f  a J ac ob ian  to  so lve  n o n l i n e a r  s y s te m s  o r  s t i f f  
d i f f e r e n t i a l  equa t ions .
3. The d i f f i c u l t i e s  of  p r o c e s s i n g  a r r a y  s u b s c r i p t s  i n  a s y s te m  of 
equa t ions .
4.  The  d e v e lo p m e n t  o f  p r o c e d u r a l  languages  tha t  a r e  h i g h - l e v e l ,
as R e lm a t h  i s ,  bu t  w i t h  a b r o a d e r  scope o r  f o r  a d i f f e r e n t  type  
o f  p r o b l e m .  
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A n o th e r  type  o f  change f o r  R e lm a th  w o u ld  be to ex tend  i t  to 
so lve  o t h e r  k in d s  of  s t a n d a rd  p r o b l e m s ,  such as l i n e a r  s y s te m s  
o r  n o n l i n e a r  equa t ions .  L i n g u i s t i c a l l y ,  t h is  w o u ld  not  p r e s e n t  
g r e a t  p r o b l e m s  s ince  a c o m m o n  m a t h e m a t i c a l  n o ta t io n  can be 
used.  S e m a n t i c a l l y ,  i t  m a y  be n e c e s s a r y  to  m o d i f y  the bas ic  
r e p r e s e n t a t i o n  o f  a r r a y s  and t a b u l a r  f u n c t io n s .  Some such 
m o d i f i c a t i o n s  a r e  d i s c u s s e d  i n  the c h a p te r  on pag ing .  H o w e v e r ,  
on ly  the r o u t in e s  th a t  dea l  w i t h  these  bas ic  r e p r e s e n t a t i o n s  need 
be changed;  the r e s t  o f  the  R e lm a t h  p r o g r a m s  w o u ld  s t i l l  w o r k .  
These  ex tens ions  c o u ld  be m ade ,  bu t  they  a r e  no t  n e c e s s a r y .
The  la nguage  i s  us e fu l  as i t  now is .
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IV .  N U M E R I C A L  M E T H O D S
In  t h i s  c h a p te r  we w i l l  d i s c u s s  v e r y  b r i e f l y  some c o n s id e r a t i o n s  
i n v o l v e d  i n  s e le c t in g  n u m e r i c a l  m e th ods  to  so lve  the s ta n d a rd  
p r o b l e m s  s u p p o r te d  by  a n u m e r i c a l  e n g in e e r i n g  language.  M o s t  
o f  these  p o in ts  have  been d i s c u s s e d  f u r t h e r  by  R i c e  [ R i c e 6 8 ] ,  
and  t h i s  c h a p te r  i s  l a r g e l y  bas e d  on h is  s ta te m e n ts .
I t  i s  o f  p r i m a r y  i m p o r t a n c e  th a t  the m e th o d s  be r e l i a b l e .  O f  
c o u r s e ,  they  s hou ld  be p r o p e r l y  im p le m e n t e d ,  w i t h o u t  p r o g r a m m i n g  
e r r o r s .  B u t  they  shou ld  a l s o  be capab le  o f  s o l v in g  the p r o b le m ,  
even i n  n u m e r i c a l l y  c o m p l i c a t e d  cases .  In  m a n y  cases  th is  
r e q u i r e s  a u g m e n t in g  c l a s s i c a l  m e th ods  of  n u m e r i c a l  a n a l y s i s  w i t h  
l o g i c  to  hand le  the c o m p l i c a t i o n s .  F o r  e x a m p l e, s e v e ra l  n u m e r i c a l  
tech n iq u e s  e x i s t  to  c o n v e rg e  to  a r o o t  o f  a n o n l i n e a r  equa t ion  
g i v e n  an i n i t i a l  guess.  H o w e v e r ,  a r e l i a b l e  p r o g r a m  to  so lve  a 
n o n l i n e a r  equa t ion  s hou ld  a l s o  have m e th o d s  of  f i n d in g  good i n i t i a l  
guesses ,  de te c t in g  d i s c o n t i n u i t i e s  and  a s y m p to te s ,  handl in g  
m u l t i p l e  r o o t s ,  and  o th e r  n u m e r i c a l  d i f f i c u l t i e s .  These  p r o b l e m s  
a r e  c om pou nded  w hen  a s y s te m  o f  n o n l i n e a r  equa t ions  i s  to  be 
so lved .
N u m e r i c a l  m e th o d s  s hou ld  a l s o  be e f f i c ie n t .  To  some ex ten t ,  
t h i s  c o n f l i c t s  w i t h  the c r i t e r i o n  o f  r e l i a b i l i t y .  A  r e l i a b l e  and 
b r o a d l y  a p p l i c a b le  p r o g r a m  m a y  have to t e s t  f o r  m a n y  s p e c ia l  
cases .  These  te s ts  c o u ld  be e l im in a t e d  i f  the p r o g r a m  w e r e
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r e s t r i c t e d  to  s i m p l e r  p r o b l e m s ,  a n d  hence  i t  w o u ld  be f a s te r .  
H o w e v e r ,  f o r  n u m e r i c a l l y  u n s o p h i s t i c a te d  u s e r s  r e l i a b i l i t y  i s  a 
m o r e  i m p o r t a n t  goa l .  Such u s e r s  m a y  no t  r e a l i z e  tha t  a p r o b l e m  
p r e s e n ts  s p e c ia l  d i f f i c u l t i e s ,  o r  they  m a y  no t  know  how to o v e r c o m e  
them .
I t  w o u ld  be d e s i r a b le  f o r  the p r o g r a m  to  be ab le  to  q u i c k l y  
r e c o g n iz e  s im p le  cases  so th a t  s im p le  and f a s t  m e th o d s  can be 
a p p l i e d  to  t h e m .  H o w e v e r ,  t h i s  i s  no t  a lw a y s  easy. F o r  in s ta n c e ,  
a f u n c t i o n  m a y  a p p e a r  to be s m o o th  a t  a l a r g e  and  s m a l l  s tep  s ize ,  
bu t  no t  a t  an i n t e r m e d i a t e  one. F o r  d i f f e r e n t i a l  equa t ions ,  the 
p r o g r a m  shou ld  d i s t i n g u i s h  s t i f f  s y s te m s  f r o m  o th e rs .  T o  he lp  
the  p r o g r a m  the u s e r  shou ld  be ab le  to g iv e  op t io ns  s p e c i f y i n g  the 
type  o f  equa t ions  in v o lv e d ,  the range  i n  w h ic h  r o o t s  s hou ld  be 
found,  the n u m b e r  o f  s o lu t i o n s  wanted ,  and o t h e r  i n f o r m a t i o n  
w h ic h  w o u ld  be h e lp f u l  to  the  p r o g r a m .  H o w e v e r ,  t h i s  i n f o r m a t i o n  
s hou ld  no t  be r e q u i r e d .
A  t h i r d  c o n s i d e r a t i o n  i s  the d i f f i c u l t y  o f  i m p l e m e n t i n g  a 
m e th od .  When s p e c ia l  cases  e x is t ,  they  can  f r e q u e n t l y  be r e f i n e d  
a l m o s t  i n d e f i n i t e l y .  Some r e f i n e m e n t s  w i l l  y i e l d  us e fu l  s p e c ia l  
cases ,  bu t  a t  som e p o in t  the  a d d i t i o n a l  e f f o r t  r e q u i r e d  to i m p l e m e n t  
f u r t h e r  s p e c ia l  cases  w i l l  no t  be s u f f i c i e n t l y  r e w a r d i n g .  O the r  
cases  m a y  s i m p l y  be too  d i f f i c u l t  to p ro c e s s  a t  a l l  w i t h o u t  g r e a t l y  
e n l a r g in g  the scope of  the s y s te m .  R e lm a th  shou ld  p r o c e s s  
s t i f f  equa t ions ,  bu t  the e f f o r t  r e q u i r e d  to  do so d id  no t  seem
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j u s t i f i e d  i n  a p r o t o t y p e  s y s te m .  S t i l l ,  f o r  n o n - s t i f f  s y s te m s  the 
s ta n d a r d  p r o c e d u r e  o f  R e lm a th  i s  s u p e r i o r  to  the  M O D D E Q  
s u b ro u t i n e  on C a l t e c h ' s  F O R T R A N  l i b r a r y  [ M a t7 0 ]  and  the H P C G  
s u b ro u t in e  i n  I B M ' s  S c ie n t i f i c  S u b ro u t in e  P ackage  [ I B M  68, 3 3 7 - 3 4 3 ] ,  
bo th  a l s o  r e s t r i c t e d  to n o n - s t i f f  s y s te m s .  M O D D E Q  does no t  
c o n t r o l  the t r u n c a t i o n  e r r o r  w h i l e  us ing  a R u n g e - K u t t a  s c hem e  to  
s t a r t  the c o m p u ta t io n ,  and  so i t  does no t  so lve  s y s te m s  such as 
the O R B I T  e x a m p le  o f  F i g u r e  2 -6  w h ic h  r e q u i r e  a s m a l l  s tep 
s iz e  a t  the s t a r t .  H P C G  c o n ta in s  a p r o g r a m m i n g  e r r o r ,  
and  i t  does no t  r e t u r n  the s o lu t i o n  v a lu e s  a t  the p r o p e r  v a lu e s  
o f  the  in dependen t  v a r i a b l e .  I t s  n u m e r i c a l  m e th o d  i s  a ls o  
i n f e r i o r ,  s in ce  i t  d id  no t  so lve  the O R B IT  p r o b l e m  as a c c u r a t e l y  
as  R e lm a th  did.
New n u m e r i c a l  m e th o d s  a r e  needed i n  s om e  f i e l d s  w h ic h  
a r e  p o o r l y  u n d e rs to o d  now.  P a r t i a l  d i f f e r e n t i a l  equa t ions  a r e  
e s p e c ia l l y  d i f f i c u l t  to  t r e a t  w i t h  any  g r e a t  g e n e r a l i t y .  E v e n  in  
b e t t e r - k n o w n  f i e l d s ,  we need  m e th o d s  t h a t  can  dec ide  w h ic h  
t r a d i t i o n a l  n u m e r i c a l  t ec hn ique  i s  bes t  f o r  a p a r t i c u l a r  p r o b le m .
T h i s  r e q u i r e s  b le n d in g  n u m e r i c a l  a n a ly s i s  w i t h  a l i m i t e d  f o r m  of 
a r t i f i c i a l  i n t e l l i g e n c e .
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V. P A G IN G
M a n y  c o m p u t e r  s y s te m s  today  use pag ing .  Some, l i k e  R E L ,  
have  s o f tw a r e  pag ing .  O th e rs  u t i l i z e  m a c h in e s  th a t  have h a r d w a r e  
v i r t u a l  m e m o r y .  In  e i t h e r  case  the paged data a r e  r e f e r e n c e d  w i t h  
v i r t u a l  m e m o r y  a d d re s s e s .  Some m e c h a n is m  m u s t  r e c o g n iz e  
w h e th e r  a v i r t u a l  a d d re s s  i s  i n  c o re ,  lo a d  i t s  page i f  not ,  and 
t r a n s l a t e  the a d d re s s  to a r e a l  a d d re s s .  In  a s o f tw a r e  s y s te m  
th is  i s  done by  c a l l i n g  som e  s u b ro u t in e .  In  a h a r d w a r e  s y s te m ,  
the  e n t i r e  p r o g r a m  and data a r e  i n  v i r t u a l  m e m o r y .  The  h a r d w a r e  
t r a n s l a t e s  e v e r y  a d d re s s  to  a r e a l  a d d re s s  and  in v o k e s  a 
s u b r o u t i n e  i n  the o p e ra t i n g  s y s te m  i f  the page m u s t  be loaded .
A  h a r d w a r e  s y s te m  has the advantage t h a t  the t r a n s l a t i o n  
f r o m  a v i r t u a l  to  a r e a l  a d d re s s  i s  f a s t  when the page i s  i n  c o re .
In  a s o f tw a r e  s y s te m  th i s  t r a n s l a t i o n  i s  done by  a s u b ro u t in e ,  
w h ic h  takes  c o n s id e r a b l y  m o r e  t im e .  C o nsequ en t ly ,  th is  t r a n s l a t i o n  
shou ld  no t  be done m o r e  than  n e c e s s a ry .  A  p r o g r a m  m u s t  a l s o  
keep  t r a c k  of  bo th  r e a l  and v i r t u a l  a d d re s s e s  and  t h e i r  c o r r e s ­
pondence. These  c o n s id e r a t io n s  c o m p l i c a t e  p r o g r a m s  us ing  
s o f tw a r e  pag ing .  F i n a l l y ,  i n  som e cases  i t  i s  d e s i r a b le  to  have 
con t ig uous  v i r t u a l  pages a d d re s s a b le  as a con t iguous  a r e a  i n  
c o re .  T h is  i s  easy i n  a h a r d w a r e  s y s te m ,  bu t  i n  a s o f tw a r e  
s y s te m  i t  i s  d i f f i c u l t  s ince  o t h e r  pages m a y  have to  be m oved .
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H a r d w a r e  s y s te m s  can r u n  any  p r o g r a m  w i t h o u t  need of  
m o d i f i c a t i o n ,  w h e re a s  p r o g r a m s  f o r  a s o f tw a r e  pag ing  s y s te m  m u s t  
be e s p e c ia l l y  w r i t t e n  f o r  i t .  I n  som e w ays  t h i s  i s  an advantage,  
bu t  i t  does no t  m e a n  th a t  any p r o g r a m  s hou ld  be r u n  on a h a r d w a r e  
pag ing  s y s te m  w i t h o u t  m o d i f i c a t i o n .  We w i l l  see tha t  p r o g r a m s  
w r i t t e n  w i t h o u t  r e g a r d  to  the pag ing  e n v i r o n m e n t  can be v e r y  
i n e f f i c i e n t .  Since h a r d w a r e  s y s te m s  im p o s e  pag ing  on a l l  p r o g r a m s  
the language d e s ig n e r  s hou ld  w r i t e  h is  p r o g r a m s  to take  a ccou n t  
o f  the pag ing .
These  c o n s id e r a t io n s  w i l l  becom e i n c r e a s i n g l y  i m p o r t a n t  as 
m o r e  m a c h in e s  w i t h  v i r t u a l  m e m o r y  h a r d w a r e  a r e  i n s ta l l e d .  Such 
m a c h in e s  a r e  e s p e c ia l l y  good f o r  i n t e r a c t i v e  t i m e - s h a r e d  s y s te m s .  
N u m e r i c a l  e n g in e e r i n g  languages  a r e  bes t  when im p l e m e n t e d  i n  an 
i n t e r a c t i v e  e n v i r o n m e n t ,  and  so a t te n t i o n  to  the pag ing  p r o p e r t i e s  
o f  the language p r o c e s s o r ' s  r o u t in e s  i s  i m p o r t a n t  and w i l l  becom e 
m o r e  so.
The use o f  pag ing  i n  R e lm a th
R e lm a th  uses  R E L ' s  v i r t u a l  m e m o r y  to  s to re  a l l  i t s  p e r m a n e n t  
data.  S c a la r s  a r e  s t o r e d  s im p l y  as n u m b e r s .  P r o c e d u r e s  and 
fu n c t io n s  de f ined  by  f o r m u l a s  a r e  s t o r e d  by  cop y in g  t h e i r  l i s t  
s t r u c t u r e  r e p r e s e n t a t io n s  to  pages us ing  a R E L  u t i l i t y .  When 
needed, they  a r e  c o p ie d  b ack  to  the l i s t  a re a  by a n o th e r  u t i l i t y .
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A n  a r r a y  i s  s t o r e d  on a page. The e le m e n ts  a r e  o r d e r e d  
by  v a r y i n g  the l a s t  s u b s c r i p t  m o s t  r a p i d l y ,  so the ro w s  o f  a m a t r i x  
a r e  con t ig uous .  The a r r a y ' s  d im e n s io n s  a r e  s t o r e d  on the 
same page, i f  p o s s ib le ,  o r  on a no the r .  R e s t r i c t i n g  an a r r a y  to a 
s in g le  page avo ids  the p r o b l e m s  of  s t o r i n g  l a r g e r  a r r a y s ,  w h ic h  
w i l l  be d i s c u s s e d  l a t e r .  T h is  r e s t r i c t i o n  i s  no t  too  s e r io u s  in  
a p r o to t y p e  in te n d e d  m a i n l y  f o r  use w i t h  d i f f e r e n t i a l  equa t ions .  
H o w e v e r ,  i t  shou ld  be r e m o v e d  i n  an o p e ra t i o n a l  s y s te m ,  e s p e c ia l l y  
i f  a r r a y  o p e r a t o r s  a r e  added.
F u n c t i o n s  de f in ed  by a tab le  and  a r r a y  f u n c t io n s  a r e  s i m i l a r l y  
s t r u c t u r e d .  B o th  have  a h e a d e r  f o l l o w e d  by  the va lu e s  i n  the range  
o f  the fu n c t io n .  F o r  an a r r a y  fu n c t io n ,  these  va lu e s  a r e  a r r a y s ;  
each  a r r a y  m u s t  be on a s in g le  page. The hea d e r  i n c lu d e s  the 
i n i t i a l  v a lu e  of  the d o m a in  v a r i a b l e ,  i t s  i n c r e m e n t ,  and the 
n u m b e r  o f  the f i n a l  v a lue ,  coun t ing  f r o m  z e ro .  I t  a l s o  g ives  the 
o r d e r  o f  the h ig h e s t  d e r i v a t i v e  de f ined  i n  the tab le .  F o r  each 
v a lue  o f  the d o m a in  v a r i a b l e ,  the d e r i v a t i v e s  a r e  s t o r e d  c o n t ig u o u s l y  
f r o m  o r d e r  z e r o  to  the h ighes t .  The pages on w h ic h  the va lues  
a r e  s t o r e d  need no t  be con t ig uous  i n  the v i r t u a l  m e m o r y .  E ach  
page i s  l i n k e d  to  the p r e v io u s  and nex t  ones. The hea de r  p o in ts  
to the l a s t  page and a l s o  to the l a s t  page r e fe r e n c e d .  These  
p o in t e r s  i n c lu d e  the d o m a in  va lue  and d e r i v a t i v e  o r d e r  o f  the 
f i r s t  v a lu e  on the pages.  C o nsequ en t ly ,  a s e a r c h  f o r  a p a r t i c u l a r  
f u n c t io n  v a lu e  can p r o c e e d  f o r w a r d  o r  b a c k w a r d  f r o m  the beg inn ing  
o r  end o f  the page l i s t  o r  f r o m  the l a s t  page r e fe re n c e d .
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T a b u la r  f u n c t io n s  can o n ly  be de f ined  now by  s o lv in g  a 
d i f f e r e n t i a l  s y s te m .  The  t e m p o r a r y  data needed by  the so lve  p r o ­
c e d u re  a r e  s t o r e d  i n  the u n s t r u c t u r e d  p o r t i o n  o f  R E L ' s  m e m o r y ,  
w h ic h  i s  no t  paged. The f u n c t io n  va lu e s  a r e  c o p ie d  to t h e i r  pages 
as they  a r e  com pu ted .  Hence ,  the pages a r e  a c c e s s e d  s e q u e n t ia l l y .  
When a f u n c t io n  i s  p r i n t e d  o r  p lo t te d ,  i t s  v a lu e s  a r e  u s u a l l y  
a c c e s s e d  s e q u e n t ia l l y  a lso .
T w o  changes c o u ld  be m ade  i n  t h is  s chem e.  One w o u ld  be 
to a l l o c a te  the pages f o r  a f u n c t io n  c o n t ig u o u s ly .  Then  the e xac t  
v i r t u a l  a d d re s s  o f  any  f u n c t io n  v a lu e  c o u ld  be c o m p u te d  f r o m  the 
h e a d e r  i n f o r m a t i o n .  No page l i n k s  o r  p o i n t e r s  w o u ld  be needed, 
and any  f u n c t i o n  v a lu e  c o u ld  be found  i n  two  page a c c e s s e s .  T h i s  
m e th o d  c o u ld  be im p le m e n t e d ,  bu t  i t  w o u ld  r e q u i r e  a m a n a g e r  o f  
the unused  pages,  e s s e n t i a l l y  a s to ra g e  a l l o c a t o r  f o r  the v i r t u a l  
m e m o r y .
A n o t h e r  change w o u ld  be to g ro u p  a l l  the fu n c t io n s  i n  a 
d i f f e r e n t i a l  s y s te m  in to  a f a m i l y .  When a s y s te m  i s  so lved ,  
the va lu e s  o f  a l l  f u n c t io n s  in  the f a m i l y  w o u ld  be s t o r e d  to g e th e r  
f o r  each d o m a in  v a lue .  The  f u n c t io n  h e a d e r  w o u ld  p o in t  to the 
f a m i l y  w h e r e  the f u n c t io n  i s  c u r r e n t l y  de f ined  and  g ive  i t s  o f f s e t  
i n  the f a m i l y .  T h i s  m o d i f i c a t i o n  m a y  be b e t t e r  w h i l e  the s y s te m  
was  be ing  so lved.  L e t  F  be the n u m b e r  o f  f u n c t io n s  in  the s y s te m ,  
and a s s u m e  they  a l l  have the same m a x i m a l  o r d e r  and s to ra ge  
s ize  f o r  each v a lue .  Then  they  each take  N pages w i t h  n d o m a in
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va lues  p e r  page, a to ta l  of  M  = nN  d o m a in  v a lu e s .  I f  F  pages w i l l  
f i t  i n  c o r e  a t  once,  t h e r e  i s  no p r o b le m .  H o w e v e r ,  i f  t h i s  i s  not  
t r u e ,  then  one page f r o m  each fu n c t io n  m u s t  be lo aded  f r o m  the 
d i s k  f o r  each  d o m a in  v a lue .  T h is  i s  because the f u n c t io n  va lu e s  
a r e  m o v e d  to  the fu n c t io n s  i n  the same o r d e r  each t im e ,  and the 
l a t e r  f u n c t io n s  w i l l  d i s p la c e  the e a r l i e r  ones. S ince each page 
i s  w r i t t e n  to  the d i s k  b e fo r e  be ing  re p la c e d ,  2 F n N  d i s k  o p e ra t io n s  
a r e  r e q u i r e d .  The new schem e r e q u i r e s  o n ly  abou t  2 F N  o p e ra t i o n s ,  
s ince  each  page w i l l  be needed o n ly  once. (T h e  2 i s  needed s ince  
the page w i l l  be r e a d  i n  f o r  i n i t i a l i z a t i o n  and l a t e r  w r i t t e n  back .  ) 
S ince n i s  now about  60 f o r  a f u n c t io n  w i t h  one d e r i v a t i v e ,  t h is  
i s  q u i te  a d i f f e re n c e .
U n fo r t u n a te l y ,  t h i s  m o d i f i c a t i o n  i s  w o r s e  than  the c u r r e n t  
m e th o d  when a f u n c t io n  i s  p r i n t e d  o r  p lo t te d .  The c u r r e n t  m e th o d  
r e q u i r e s  N page loads  to  d i s p la y  one fu n c t io n ,  w h i l e  the m o d i f i e d  
m e th o d  w o u ld  r e q u i r e  F N .  H o w e v e r ,  i f  s e v e r a l  fu n c t io n s ,  say s, 
i n  one f a m i l y  a r e  d i s p la y e d  i n  one s ta te m e n t ,  the m o d i f i e d  m e th o d  
w o u ld  s t i l l  need on ly  F N  page lo ads .  The  c u r r e n t  m e th o d  w i l l  
need sN, and w o u ld  need snN i f  s > K,  w h e re  K  i s  the n u m b e r  o f  
pages th a t  can  be i n  c o r e  a t  once. F o r  the ba tch  s y s te m ,  K 
c o u ld  be qu i te  l a r g e ,  say about  100. Hence,  t h i s  m o d i f i c a t i o n  
w o u ld  no t  be d e s i r a b le .  F o r  m o s t  s y s te m s  t h e r e  w o u ld  be no 
i m p r o v e m e n t  w h i l e  s o lv in g  the s y s te m  and a d e g ra d a t io n  w h i l e
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d i s p la y in g  a fu n c t io n .  B u t  i f  K  w e r e  s m a l l e r ,  say about  20, the 
new m e th o d  w o u ld  be b e t t e r  i n  m a n y  cases .
The s to ra ge  r e p r e s e n t a t i o n  f o r  f u n c t io n s  c o u ld  be ex tended  to  
a l l o w  f u n c t io n s  whose  do m a in s  w e r e  no t  ev e n ly  spaced. A  f lag  
i n  the hea de r  w o u ld  des igna te  such a fu n c t io n ,  and the d o m a in  v a lue  
w o u ld  be s t o r e d  w i t h  each func t icn  v a lue .  A  s e a rc h  w o u ld  be 
needed to f i n d  a f u n c t io n  va lue .  T h is  change w o u ld  o n ly  r e q u i r e  
chang ing  the s u b ro u t in e s  tha t  set  and r e t r i e v e  fu n c t io n  v a lu e s .  Of 
c o u r s e ,  some m eans  of  de f in in g  such f u n c t io n s  w o u ld  have to 
be added to  the language.
N eed  to  c o n t r o l  pag ing
The R E L  s y s te m  has a l a r g e  u n s t r u c t u r e d  a r e a  th a t  i s  used 
f o r  t e m p o r a r y  s to ra g e  by  p r o c e d u r e s .  I t  a l s o  has a l i s t  a rea .  
N e i t h e r  o f  these  i s  paged, A  s o f tw a r e  pag ing  s y s te m  can be set 
up by  i t s  i m p l e m e n t e r  so tha t  no t  a l l  o f  m e m o r y  i s  paged,  and 
f r e q u e n t l y  used data  and l i s t  s t r u c t u r e s  can be kep t  i n  unpaged 
m e m o r y .  A  h a r d w a r e  s y s te m  pages e v e r y th in g .  U n les s  som e 
m eans  i s  p r o v id e d  to l o c k  pages i n  c o re ,  the n u m b e r  of  page f a u l t s  
c o u ld  be v e r y  h igh ,  p a r t i c u l a r l y  w h i l e  p r o c e s s i n g  l i s t  s t r u c t u r e s .
T h i s  r a i s e s  an i m p o r t a n t  po in t .  I n  any  pag ing  e n v i r o n m e n t ,  
the p r o g r a m m e r  shou ld  des ign  h is  a l g o r i t h m s  to take  a c c o u n t  o f  
the pag ing .  The  s y s te m  shou ld  a l l o w  h is  p r o g r a m s  to  f i n d  out  the 
n u m b e r  o f  pages a v a i l a b le  and to c o n t r o l  w h ic h  page i s  r e p la c e d  
w hen  th a t  i s  n e c e s s a r y  to l o a d  a n o th e r  page. U n fo r t u n a te l y ,
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m a n u f a c t u r e r s  o f  h a r d w a r e  pag ing  m a c h in e s  f r e q u e n t l y  i g n o r e  
these  needs. T h e y  c l a i m  th a t  p r o g r a m s  can be r u n  w i t h o u t  s p e c ia l  
a l g o r i t h m s ,  and  t h e i r  o p e ra t i n g  s y s te m s  o f te n  do no t  p r o v i d e  the  
i n f o r m a t i o n  and c o n t r o l  needed to o p t i m a l l y  c o n t r o l  the pag ing .
These  c l a i m s  a r e  t r u e ,  bu t  p r o g r a m s  m a y  be v e r y  i n e f f i c i e n t  
w i t h o u t  s p e c ia l  a l g o r i t h m s .
These  c o n s id e r a t io n s  a r e  w e l l  i l l u s t r a t e d  i n  the p r o c e s s i n g  
o f  m a t r i c e s .  M c K e l l a r  and C o f fm a n  [ M c K e l 6 9 ]  have a n a ly z e d  
c o n v e n t io n a l  a l g o r i t h m s  f o r  m u l t i p l y i n g  and i n v e r t i n g  m a t r i c e s  
and  a l s o  a l g o r i t h m s  w r i t t e n  f o r  a pag ing  e n v i r o n m e n t .  T he y  
have  d e t e r m i n e d  the n u m b e r  o f  page f a u l t s  f o r  d i f f e r e n t  a l g o r i t h m s ,  
t h a t  i s ,  the  n u m b e r  o f  t im e s  th a t  a page th a t  i s  no t  i n  c o r e  i s  
r e fe r e n c e d .  E ach  page f a u l t  r e q u i r e s  a d i s k  r e a d  to l o a d  the 
page and  p o s s i b l y  a w r i t e  to  m o v e  a r e p la c e d  page to  the d i s k .
S ince d i s k  o p e ra t i o n s  a r e  s e v e r a l  thousand  t i m e s  l o n g e r  than  c o r e  
a ccess  t i m e s , a l a r g e  n u m b e r  o f  page fa u l t s  can g r e a t l y  i n c r e a s e  
the e lapsed  t i m e  of  a p r o g r a m .  I t  a l s o  i n c r e a s e s  the lo a d  on the 
d isk .  B o th  f a c t o r s  cause  g r e a t e r  i n t e r f e r e n c e  w i t h  o t h e r  p r o g r a m s  
i n  a m u l t i p r o g r a m m i n g  s y s te m .
To  e x a m in e  th is  e f fec t ,  we c o n s id e r  one o f  M c K e l l a r  and 
C o f f m a n 's  a l g o r i t h m s  f o r  m a t r i x  m u l t i p l i c a t i o n .  I t  s t o re s  s u c c e s s iv e  
ro w s  on a page, w i t h  each  on j u s t  one page. T h i s  r o w  s to ra ge  
schem e r e q u i r e s  P  = ┌ n / └ p / n ┘ ┐  pages, w h e re  the m a t r i x  is
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n x  n and each page c o n ta in s  p n u m b e r s .  (└ x ┘ i s  the g r e a te s t  
i n t e g e r  ≤ x ; ┌x┐ i s  the s m a l l e s t  i n t e g e r  ≥ x .) L e t  m  = └ p / n ┘ ,  
the n u m b e r  of  r o w s  p e r  page. Then  the a l g o r i t h m  to  f o r m  
C  = A B  is
In  t h i s  a l g o r i t h m  one page o f  C i s  lo a d e d  and  z e roed ,  
and the c o r r e s p o n d in g  page of  A  i s  loaded .  The  pages of  B 
a r e  loaded .  Ea ch  i s  p r o c e s s e d  w i t h  the page o f  A  to  f o r m  the 
m a t r i x  p r o d u c t  i n  the page of  C. When t h i s  i s  done f o r  a l l  pages 
o f  B ,  the n e x t  pages o f  A  and  C a r e  loaded ,  and  the p r o c e s s  
repea ted .
T h i s  a l g o r i t h m  r e q u i r e s  N 3 =P(P+2)  page f a u l t s  i f  K,  the 
n u m b e r  o f  a v a i l a b le  page f r a m e s ,  i s  3. T h is  a s s u m e s  th a t  the 
page r e p la c e m e n t  a l g o r i t h m  i s  o p t im a l ;  i n  p a r t i c u l a r ,  w hen  a 
new page o f  B i s  loaded ,  i t  s hou ld  r e p la c e  the p r e v io u s  page 
o f  B.
When K  >  3, the a l g o r i t h m  can be i m p r o v e d .  L e t  
K  = 2I +  1 < P  + 2. T h e n  the i m p r o v e d  a l g o r i t h m  w o u ld  p a r t i t i o n  A  
and C i n to  b lo c k s  o f  I  pages each. A  b l o c k  o f  A  and o f  C is  loaded ,
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and then  each page o f  B i s  s e q u e n t ia l l y  p r o c e s s e d  w i t h  the A  
b l o c k  to  g e n e ra te  the C b lock .  T h i s  m o d i f i c a t i o n  r e q u i r e s  
N K = P ┌ P / I ┐  +2P page f a u l t s  i f  each page o f  B r e p la c e s  the 
p r e v io u s  page o f  B and no t  one o f  A  o r  C.
A  c o n v e n t io n a l  a l g o r i t h m  w o u ld  m u l t i p l y  a r o w  of  A  by
a c o l u m n  of  B f o r  each  e le m e n t  of  C. Hence ,  i f  K  = 3, e v e r y  page
o f  B i s  lo a d e d  f o r  each e le m e n t  o f  C. Thus ,  t h e r e  a r e  Q 3 = (n2 +  2)P 
page f a u l t s .  I f  3 ≤ K  < P+2,  we can l o c k  K - 3  pages o f  B i n  c o re .
T h i s  g ives  QK  = n 2( P - K + 3 ) + K - 3 + 2 P  fa u l t s .  I f  K  = P+2,  then a l l  
pages o f  B can  be lo c k e d ,  and QP+2 = 3P, the m i n i m u m  p o s s ib le .
The i m p r o v e m e n t  f r o m  us ing  the m o d i f i e d  a l g o r i t h m  can be 
qu i te  s p e c ta c u la r .  I f  K  =  3, n =  64, and p = 1024, then  P  = 4 and 
Q3 = 16 ,392 ,  w h e re a s  N 3 = 24 ! S ince 12 f a u l t s  a r e  r e q u i r e d  j u s t  
to  r e f e r e n c e  each  page o f  each m a t r i x  once, t h i s  shows th a t  c a r e f u l  
a t t e n t i o n  to the pag ing  e n v i r o n m e n t  can r e s u l t  i n  g r e a t  e c o n o m ie s .
A n y  pag ing  sc h e m e  m u s t  have a m e th o d  o f  r e p la c in g  some 
page w i t h  a needed one when no m o r e  e m p ty  page s lo ts  a r e  
a v a i l a b le  i n  c o re .  M c K e l l a r  and C o f fm a n  a s s u m e d  th a t  t h is  
page r e p la c e m e n t  a l g o r i t h m  i s  o p t im a l .  I t  s hou ld  r e p la c e  each 
page o f  B w i t h  the nex t  one. When the a l g o r i t h m  is  no t  o p t im a l ,  
the n u m b e r  o f  page f a u l t s  i s  i n c re a s e d .
F o r  e x a m p le ,  a c o m m o n  r e p la c e m e n t  a l g o r i t h m ,  c a l l e d  
a L R U  ( " l e a s t  r e c e n t l y  used " )  a l g o r i t h m ,  r e ta in s  the K - 1 pages
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t h a t  have been m o s t  r e c e n t l y  used  and  re p la c e s  the o l d e s t  page.
L e t  K  = 2 I  +  1. Denote the pages o f  A  by  A 1, . . . , A P, and s i m i l a r l y  
f o r  B and C. A f t e r  the f i r s t  I  pages o f  A  and C have been 
p r o c e s s e d  w i t h  B1 , the l i s t  o f  pages o r d e r e d  f r o m  o ld e s t  to  m o s t  
r e c e n t l y  used i s  A 1 ,  C 1 ,  A 2, C 2 , . . . , A I - 1 , C I - 1 , A I , B 1 ,  C I.
The p r o c e s s  then  a t te m p ts  to r e p e a t  w i t h  B 2 r e p la c in g  B 1  B u t  
the L R U  a l g o r i t h m  w i l l  r e p la c e  C 1 by B 2 in s tea d .  (We a s s u m e  
th a t  A [ i ,  k ] i s  r e f e r e n c e d  f i r s t  i n  f o r m i n g  A [ i , k ]  B [ k , j ] . )
C 1 w i l l  then be re lo a d e d ,  r e p la c in g  A 2. The  p r o g r a m  w i l l  
c on t inue ,  r e p l a c i n g  each  A  and C page j u s t  b e fo r e  i t  i s  needed 
u n t i l  A I  r e p la c e s  B1 . C I  w i l l  no t  be re lo a d e d .  Hence,
2(I - 1) ( P  -  1) +  2 I  + P  page f a u l t s  o c c u r  f o r  each b l o c k  of  A  and  C 
pages,  c o m p a r e d  w i t h  2 I  +  P  f a u l t s  when  each Bi r e p la c e s  B i-1.
The  t o ta l  n u m b e r  o f  f a u l t s  i s  L K = N K + 2 ( P - 1 ) ( P -  ┌ P / l ┐ )  = N 3 
+ ( P - 2 ) ( P -  ┌ P / l ┐ )· Hence,  L K > NK i f  P  >  1 and I  >  1. F u r t h e r m o r e ,
L K >  N 3 i f  P  >  2 and  I  >  1, a nd  L K i n c r e a s e s  as K  (and hence I) 
 
i n c r e a s e s .
T h i s  e x a m p le  shows t h a t  i f  the page r e p la c e m e n t  a l g o r i t h m  
i s  no t  o p t im a l ,  an a t t e m p t  to  i m p r o v e  the m u l t i p l i c a t i o n  a l g o r i t h m  
by  b e t t e r  u t i l i z i n g  the a v a i l a b le  page s lo ts  m a y  a c t u a l l y  i n c r e a s e  
the n u m b e r  of  f a u l t s .  C o ns equ en t ly ,  the p r o g r a m  shou ld  be 
ab le  to c o n t r o l  the r e p la c e m e n t  o f  pages. H o w e v e r ,  i f  such 
c o n t r o l  i s  no t  a v a i l a b le ,  the p r o g r a m m e r  can change the a l g o r i t h m .  
I f  the sam e  m e th o d  i s  used w i t h  K  = 2I+2, i n s te a d  o f  K=2I+1,
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then  the e x t r a  page s lo t  w i l l  r e c e i v e  B2 when i t  i s  f i r s t  loaded .
The  A  and  C pages w i l l  no t  be re p la c e d .  B 3 w i l l  r e p la c e  B 1, B 4 
w i l l  r e p la c e  B 2, and so on. Hence ,  the n u m b e r  o f  page f a u l t s  
w i l l  equa l  N K - 1 . H o w e v e r ,  an o p t im a l  a l g o r i t h m  c o u ld  use 
the e x t r a  s lo t  by  l o c k in g  B 1 i n  c o re .  T h i s  r e d u c e s  the n u m b e r  
o f  page f a u l t s  by  ┌ P / I ┐ -1 .
G. I n g a r g i o l a  has p o in te d  ou t  th a t  even w i t h  an L R U  schem e  
the p r o g r a m m e r  can a s s u r e  th a t  the page r e p la c e m e n t  i s  o p t im a l .
He can do t h i s  by  r e f e r e n c in g  each page th a t  he wan ts  to keep 
i n  c o r e  j u s t  b e fo r e  r e f e r e n c in g  som e  e le m e n t  on a new page.
These  e x t r a  r e f e r e n c e s  to  the pages i n  c o r e  a r e  s im p le ,  j u s t  
r e a d in g  a n d  s t o r i n g  b ack  a n u m b e r ,  and they  o r d e r  the pages 
so tha t  page t h a t  shou ld  be r e p la c e d  w i l l  be the o ldes t .  The L R U  
sc h e m e  w i l l  then r e p la c e  i t .  F o r  e x a m p le ,  i n  the m u l t i p l i c a t i o n  
a l g o r i t h m  the p r o g r a m  shou ld  r e f e r e n c e  e le m e n ts  on A 1 , C1 , A 2,
C2 , . . . , A I , and CI j u s t  b e fo r e  r e f e r e n c in g  B2 . B2 w i l l  t hen  re p la c e
 
B1 , as i t  shou ld .  S i m i l a r  a c t io n  i s  taken  b e fo re  each r e f e r e n c e  to 
a new page o f  B.
B y  t h i s  m e th o d  the p r o g r a m  can  be m o d i f i e d  to  e f f e c t i v e l y  
g ive  i t  c o n t r o l  o f  the pag ing  even though the s y s te m  does no t  
e x p l i c i t l y  do so. The m e th o d  r e l i e s  on the p r o g r a m m e r ' s  exac t  
k now ledge  o f  the s y s t e m ' s  page r e p la c e m e n t  a l g o r i t h m .
We have  a s s u m e d  th a t  the p r o g r a m  can d e t e r m in e  K.  I f  
not ,  then i t  m u s t  a s s u m e  K  = 3, w h ic h  m a y  r e s u l t  i n  a l a r g e r
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n u m b e r  o f  f a u l t s  than  i s  n e c e s s a ry .  The d e t e r m i n a t i o n  o f  K  
m u s t  be a c c u r a te ;  we have  j u s t  seen tha t ,  i n  a L R U  s chem e,  i f  
a p r o g r a m  a s s u m e s  K  = 2I  +  2 when a c t u a l l y  K  = 2 I  +  1, then  the 
n u m b e r  o f  f a u l t s  i s  c o n s i d e r a b l y  in c re a s e d .  Hence ,  i t  i s  no t  
s u f f i c i e n t  to have  h ig h  p r i o r i t y  s lo ts  w hose  pages w i l l  p r o b a b l y  
be i n  c o r e  bu t  m a y  be re p la c e d .
We have seen t h a t  the n u m b e r  o f  page fa u l t s  g e n e ra te d  by  
a p r o g r a m  can be m u c h  h i g h e r  than n e c e s s a r y  i f  the p r o g r a m  i s  
no t  w r i t t e n  w i t h  r e g a r d  to  the pag ing  e n v i r o n m e n t .  Hence,  the 
language i m p l e m e n t e r  s hou ld  w r i t e  h is  s ta n d a r d  a l g o r i t h m s  w i t h  
a t t e n t i o n  to the pag ing .  The  s y s te m  s hou ld  g ive  h im  the c a p a b i l i t y  
to  c o n t r o l  the pag ing ,  and he shou ld  e x e r c i s e  t h i s  c a p a b i l i t y .
B u t  even i f  the s y s te m  does no t  do th i s ,  the i m p l e m e n t e r  can 
s t i l l  m a k e  s i g n i f i c a n t  i m p r o v e m e n t s  by t a k in g  a ccou n t  of  the 
c h a r a c t e r i s t i c s  o f  the s y s t e m ' s  pag ing  m e th od ,  a l tho ugh  the 
n u m b e r  o f  f a u l t s  m a y  be h i g h e r  than  i s  s t r i c t l y  n e c e s s a r y .
We e m p h a s iz e  th a t  t h i s  d i s c u s s io n  a p p l i e s  to  the la nguage  
i m p l e m e n t e r .  The e n g in e e r  o r  s c i e n t i s t  who  uses the language 
s hou ld  no t  be ab le  to  c o n t r o l  the pag ing  d i r e c t l y .  R e lm a th ,  
f o r  in s ta n c e ,  does no t  a l l o w  the u s e r  to  d i r e c t l y  r e f e r  to pages 
as e n t i t i e s  a t  a l l .  Languages  w i t h  p r o c e d u r a l  la nguages  m o r e  
l i k e  F O R T R A N  w o u ld  a l l o w  the u s e r  to  a c c e s s  a r r a y  e le m e n ts .
He m a y  then  w a n t  to  w r i t e  h is  p r o c e d u r e s  so as to  take  a c c o u n t  
o f  the page b o u n d a r ie s  bu t  he shou ld  no t  be ab le  to c o n t r o l  the
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pag ing .  T h i s  i s  to p r o t e c t  the s y s te m  and the u s e r  h i m s e l f ,  who 
i s  no t  ex pe c ted  to be a s k i l l e d  s y s te m s  p r o g r a m m e r ,  f r o m  e r r o r s  
and dead locks .  In  g e n e ra l ,  we w o u ld  not  expec t  the u s e r  to even 
c o n s id e r  the page b o u n d a r ie s  i n  w r i t i n g  p r o c e d u r e s ,  even though  
t h i s  w i l l  cause  i n e f f i c i e n c i e s .
- 1 0 8 -
V I .  C O M P I L I N G
A n y  la nguage  p r o c e s s o r  does two  th ing s  w i t h  an in p u t  
sentence :  i t  p a r s e s  the sentence and  execu tes  i t .  The  p a r s e  
e x t r a c t s  a l l  the i n f o r m a t i o n  conve yed  by  the s y n ta x  a lone .  I t  
t e l l s  w h a t  s e m a n t ic  t r a n s f o r m a t i o n s  a r e  to  be a p p l i e d  and how 
t h e i r  in pu ts  and  ou tpu ts  a r e  connec ted .  D u r i n g  the exe c u t io n  
phase, these  t r a n s f o r m a t i o n s  m u s t  be c a r r i e d  out.
One m e th o d  o f  do ing  t h i s  i s  to code the p a r s e  i n t o  some 
s t r u c t u r e  w h ic h  i s  then  i n t e r p r e t e d .  F o r  ex a m p le ,  i n  R E L  the 
p a r s e  t r e e  i t s e l f  i s  i n t e r p r e t e d .  In  o th e r  s y s te m s ,  a l i n e a r  
s t r i n g  i s  p ro d u c e d  f r o m  the p a r s e  and i s  then  i n t e r p r e t e d .
In  any  case,  the coded s t r u c t u r e  m u s t  t e l l  w h a t  t r a n s f o r m a t i o n s  
a r e  to be done and w h a t  t h e i r  in pu ts  a r e .  F o r  each t r a n s f o r m a t i o n  
t h e r e  i s  a i n t e r p r e t e r  r o u t i n e  th a t  p e r f o r m s  i t .  T h is  r o u t i n e  
m u s t  hand le  a l l  the o p e ra n d  types  th a t  a l l  a l l o w e d  by  the s y n ta x  f o r  
t h i s  t r a n s f o r m a t i o n .
A n o t h e r  m e th o d  is  to c o m p i l e  m a c h in e  code and then execu te  
i t .  G e n e r a l l y ,  t h is  code w i l l  be execu ted  f a s t e r  than  the 
c o r r e s p o n d in g  i n t e r p r e t i v e  code, bu t  i t  a l s o  w i l l  take  l o n g e r  to 
p ro d u c e  the c o m p i l e d  code f r o m  the p a r s e .  H o w e v e r ,  the  a c tu a l  
t im e s  depend s t r o n g l y  on the c o m p le x i t y  o f  the c o m p i l e r  and the 
c h a r a c t e r i s t i c s  o f  the language.
A s  an ex a m p le ,  c o n s id e r  a la nguage  c o n s i s t i n g  o n ly  o f  
a r i t h m e t i c  e x p r e s s io n s  and s ta te m e n ts  th a t  a s s i g n  va lues  to
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s c a la r s .  A l l  n u m b e r s  a r e  o f  one type,  say s i n g l e - p r e c i s i o n  
f l o a t i n g  po in t .  I t  i s  easy to c o m p i l e  code f o r  t h i s  language.
The t e m p o r a r y  s to ra g e  f o r  the p a r t s  o f  an e x p r e s s i o n  c o u ld  
be pu t  i n  a s ta c k  w hose  c u r r e n t  top  is  a d d re s s e d  by  a r e g i s t e r .
A l l  op e ra n d s  and  r e s u l t s  a r e  i n  the s tack .  The  m a c h in e  code f o r  
any  t r a n s f o r m a t i o n  i s  then a f i x e d  b i t  s t r i n g .  T h i s  code c o u ld  
be p r o d u c e d  abou t  as q u i c k l y  as the code f o r  a p o s t - f i x  P o l i s h  
i n t e r p r e t e r .  H o w e v e r ,  the m a c h in e  code w o u ld  execu te  on ly  
s l i g h t l y  f a s t e r  than  the i n t e r p r e t e r ,  and i t  w o u ld  take  c o n s i d e r a b l y  
m o r e  space.  I f  the code s t r i n g  w e r e  be ing  s t o r e d  f o r  e x e c u t io n  
l a t e r ,  i t  w o u ld  take  m u c h  l o n g e r  to  m o v e  the c o m p i l e d  s t r i n g  
than  an i n t e r p r e t i v e  s t r i n g .
A  m o r e  s o p h is t i c a te d  c o m p i l e r  c o u ld  p ro d u c e  b e t t e r  code 
w h ic h  w o u ld  be s i g n i f i c a n t l y  f a s t e r  and s h o r t e r .  T e m p o r a r y  
r e s u l t s  c o u ld  be k e p t  i n  r e g i s t e r s  when p o s s ib le  and m o v e d  to 
f i x e d  s to ra g e  l o c a t i o n s  wh en  not.  O p e ra t io n s  c o u ld  be r e - o r d e r e d  
o r  changed to  p ro d u c e  e q u iv a le n t  bu t  f a s t e r  code. On a g lo b a l  
b a s is ,  c o m m o n  s u b e x p re s s io n s  c o u ld  be r e c o g n iz e d  and c o m p u te d  
o n l y  once. I f  the la nguage  w e r e  a u g m e n te d  to i n c lu d e  loops ,  
r e g i s t e r s  c o u ld  be a s s ig n e d  to the m o s t  f r e q u e n t l y  used  v a r i a b l e s  
and  r e s u l t s ,  and c o n s ta n t  e x p re s s io n s  c o u ld  be m o v e d  out o f  
lo ops .  I f  a r r a y s  w e r e  in c lu d e d ,  s u b s c r i p t  c a l c u la t i o n s  c o u ld  be 
o p t im i z e d  i n  loops .  Of c o u rs e ,  these  o p t im i z a t i o n s  a r e  done i n
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som e  c o m m e r c i a l  c o m p i l e r s  f o r  g e n e ra l  p r o g r a m m i n g  la nguages ,  
such as I B M ' s  F O R T R A N  I V  H - l e v e l  c o m p i l e r  [ I B M 7 0 ] ,
T w o  types  o f  o p t im i z a t i o n  a re  done. F i r s t ,  u n n e c e s s a ry  
c a l c u la t i o n s  m a y  be e l im in a te d ,  as when c o n s ta n t  e x p r e s s io n s  
a r e  m o v e d  out  o f  lo ops .  Second, the m e c h a n ic s  o f  p a s s in g  c o n t r o l  
to the t r a n s f o r m a t i o n s  and  p a s s in g  i n t e r m e d i a t e  r e s u l t s  a long  
a r e  o p t im iz e d .  The s im p le  t r a n s f o r m a t i o n s ,  such as add i t io n ,  a r e  
no t  c a l l e d  bu t  a r e  b u i l t  i n t o  the code. The r e s u l t s  a r e  passe d  i n  
r e g i s t e r s  o r  f i x e d  s to ra g e  l o c a t i o n s .  In  the case  o f  a r r a y  
s u b s c r i p t s  w i t h i n  lo ops ,  the e n t i r e  p r o c e s s  o f  c a l c u la t i n g  the  
s u b s c r i p t  and  then the e l e m e n t ' s  a d d re s s  m a y  be c o l l a p s e d  in to  
a s in g le  i n s t r u c t i o n  to  b u m p  a p o in t e r  to the e le m e n t .
A  c o m p le x  o p t i m i z i n g  c o m p i l e r  can p r o d u c e  a p r o g r a m  
th a t  w i l l  take  m u c h  le s s  t i m e  to  execu te  than a p r o g r a m  p ro d u c e d  
by  a s im p le  c o m p i l e r .  The p r o g r a m  w i l l  a l s o  be s h o r t e r .
H o w e v e r ,  the c o m p le x  c o m p i l e r  w i l l  take  l o n g e r  to p r o d u c e  i t s  
p r o g r a m  than  the s im p le  c o m p i l e r  wou ld .  Hence,  f u l l  o p t im i z a t i o n  
s hou ld  be c o n f in e d  to c a l c u la t i o n s  th a t  w i l l  be done m a n y  t im e s .
F o r  e x a m p le ,  a R e lm a th  p r o c e d u r e  w i l l  be execu ted  ten  to a 
h u n d r e d  t i m e s  o r  m o r e  w h i l e  s o lv in g  a s y s te m  o f  d i f f e r e n t i a l  
equa t ions ,  and  each t im e  each a s s ig n m e n t  s ta te m e n t  i s  execu ted  
once f o r  each  c o m p o n e n t  i n  the dependent  v e c t o r .  C o nsequ en t ly ,  
f u l l  o p t im i z a t i o n  i s  j u s t i f i e d  f o r  these  p r o c e d u r e s .
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The  a m o u n t  o f  o p t im i z a t i o n  t h a t  can be o b ta in e d  w i t h  a 
g i v e n  l e v e l  o f  a n a ly s i s  depends on the language.  In  NAPSS,  
v a r i a b l e  n a m e s  can be s c a la r s  o r  a r r a y s ,  r e a l  o r  c o m p le x ,  and 
o f  lo n g  o r  s h o r t  p r e c i s i o n .  N a m e s  w i t h  any  c o m b in a t i o n  o f  
a t t r i b u t e s  can  be c o m b in e d  by  the a r i t h m e t i c  o p e r a to r s .  
C o n s e q u e n t ly ,  the p a r s e  o f  an a r i t h m e t i c  e x p r e s s i o n  canno t  
d e t e r m in e  the a t t r i b u t e s  of  the nam es  f r o m  the sy n ta x  a lone.  
D e c la r a t i o n s  c o u ld  r e s o l v e  the a t t r i b u t e s ,  bu t  d e c l a r a t i o n s  
a r e  no t  r e q u i r e d .  Hence,  the s e m a n t ic  t r a n s f o r m a t i o n s  f o r  these  
o p e r a t o r s  m u s t  d e t e r m i n e  the a t t r i b u t e s  o f  t h e i r  ope rands  
d y n a m i c a l l y .  S ince these  t r a n s f o r m a t i o n s  a r e  c o m p le x ,  a s im p le  
c o m p i l e r  w o u ld  g e n e ra te  c a l l s  to f i x e d  s u b ro u t in e s .
F o r  the  la nguage  c o n s id e r e d  e a r l i e r  w i t h  one data  type ,  the 
code c o u ld  be i m p r o v e d  by  l o c a l  o p t im i z a t i o n .  H o w e v e r ,  f o r  
NAPSS v e r y  l i t t l e  i m p r o v e m e n t  can r e s u l t  f r o m  such l o c a l  
a n a ly s i s  s ince  m o s t  o f  the e x e c u t io n  t i m e  w i l l  s t i l l  be spent 
i n  the s u b r o u t i n e s .  A  g loba l  f l o w  a n a l y s i s  i s  needed to  d e t e r m in e ,  
as m u c h  as p o s s ib le ,  the data a t t r i b u t e s  th a t  a na m e  w i l l  have a t  
each  p o in t  i n  a p r o c e d u r e .  T h is  i n f o r m a t i o n  can  then be used 
to e l im in a t e  the s u b ro u t in e  c a l l s  when the ope ra nds  a r e  s im p le ,  
such as two  r e a l  n u m b e rs .
Thus ,  f o r  a la nguage  w i t h  c o m p le x  s e m a n t ic  t r a n s f o r m a t i o n s ,  
l o c a l  o p t i m i z a t i o n  is  no t  v e r y  e f fe c t i v e .  G lo b a l  a n a ly s i s  m a y  be 
v e r y  e f fe c t i v e  and m a y  p e r m i t  m o r e  l o c a l  o p t im i z i n g  to be done, 
bu t  i t  i s  a l s o  m o r e  ex p e n s iv e  i n  the  c o m p i l e  stage.
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C o m p i l a t i o n ,  p a r t i c u l a r l y  i f  s o p h is t i c a te d  o p t im i z a t i o n  i s  
used, can  g r e a t l y  i m p r o v e  the speed o f  a c a l c u la t i o n .  H o w e v e r ,  
s o p h is t i c a te d  c o m p i l e r s  a r e  v e r y  d i f f i c u l t  to  p ro d u c e .  T h is  
p r o d u c t i o n  expense p r o h i b i t s  t h e i r  d e v e lo p m e n t  f o r  m a n y  s p e c ia l  
languages .
In  R e lm a th  w e  can a v o id  th is  d e v e lo p m e n t  expense.  Since 
the p r o c e d u r e s  use o n ly  one type  o f  n u m b e r  and a r r a y s  a r e  
d e c la re d ,  i t  i s  not  n e c e s s a r y  to do any g loba l  a n a ly s i s  to d e t e r m in e  
the a t t r i b u t e s  o f  the  nam es .  We can t r a n s l a t e  the s ta te m e n ts  of  
the R e lm a th  p r o c e d u r e  to F O R T R A N  and  then have t h i s  F O R T R A N  
p r o g r a m  c o m p i l e d .  N o r m a l  F O R T R A N  a r i t h m e t i c  o p e r a t o r s  
can  be used, so the  c o m p i l e r  can o p t im i z e  the c a l c u la t i o n s .  In  
t h i s  w a y  we can  o b ta in  the advan tages  o f  a s o p h is t i c a te d  c o m p i l e r  
w i t h o u t  i n c u r r i n g  a g r e a t  d e v e lo p m e n t  cos t .
B r i e f l y ,  the  s e m a n t ic  r o u t in e s  i n  R e lm a th  in c lu d e  code 
g e n e r a to r s  as w e l l  as the i n t e r p r e t i v e  r o u t in e s .  D u r i n g  c o m p i l a t i o n ,  
the code g e n e r a to r s  a r e  execu ted  in s te a d  o f  the i n t e r p r e t i v e  
r o u t in e s .  E a c h  r o u t i n e  r e t u r n s  the nam e  o f  the F O R T R A N  
v a r i a b l e  t h a t  ho lds  i t s  v a lu e  as i t s  ou tput .  Hence,  a n o th e r  r o u t in e  
can ge n e ra te  code th a t  uses the ou tpu t  o f  t h i s  r o u t in e .  T h is  
m e th o d  w o r k s  w e l l  and  p ro d u c e s  code th a t  execu tes  as f a s t  as 
a h a n d -c o d e d  F O R T R A N  p r o g r a m .  The  f o l l o w i n g  ta b le  shows 
the t i m e s  i n  seconds to so lve  the t h re e  e x a m p le s  g i v e n  i n  C h a p te r  2
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u s ing  the h a n d -c o d e d  s ta n d a rd  p r o g r a m  and  the c o m p i l e d  v e r s i o n  of  
the S T A N  p r o c e d u r e .
T a b le  6 -1  - -  C o m p a r i s o n  o f  h a n d -c o d e d  and  c o m p i l e d  
p r o c e d u r e s
S tand a rd S T A N
CR ( C h e m i c a l  Reac t ion ) 1 .4 1 .3
GA (Gas A b s o r b e r ) 10 .6 10 .8
O R B IT 2 1 .0 2 1 .2
The  c o m p i l e d  p r o c e d u r e s  can a l s o  be r u n  i n  a n o r m a l  
F O R T R A N  e n v i r o n m e n t .  C o m p a r i s o n s  on the sam e  d i f f e r e n t i a l  
s y s t e m s  be tween  S T A N  and  s u b ro u t in e s  i n  the C a l t e c h  l i b r a r y  
and i n  I B M ' s  S c ie n t i f i c  S u b ro u t in e  P a ckage  show th a t  S T A N  r u n s  as 
f a s t  as the  o t h e r s  on the CR and  GA s y s te m s .  The l i b r a r y  
r o u t in e s  w e r e  no t  ab le  to  so lve  the O R B IT  s y s te m .
We have seen th a t  c o m p i l a t i o n  i s  d e s i r a b le  f o r  c a l c u la t i o n s  
th a t  w i l l  be done r e p e a te d ly ,  and th a t  m o r e  o p t im i z a t i o n  shou ld  
be done f o r  c a l c u la t i o n s  th a t  w i l l  be p e r f o r m e d  v e r y  f r e q u e n t l y .
We have a l s o  seen th a t  languages  w i t h  c o m p le x  s e m a n t ic  t r a n s f o r ­
m a t i o n s  ga in  l i t t l e  f r o m  c o m p i l i n g  these  t r a n s f o r m a t i o n s  un less  
a g lo b a l  a n a ly s i s  i s  done. H o w e v e r ,  o p t i m i z e r s  t h a t  do such  g loba l  
a n a l y s i s  a r e  expe ns ive  to  w r i t e .  R e lm a t h  so lves  these  p r o b l e m s  
by  h av ing  o n ly  s im p le  t r a n s f o r m a t i o n s  to  be c o m p i l e d  and by  us ing  
the F O R T R A N  o p t i m i z i n g  c o m p i l e r  to do the a c tu a l  c o m p i l i n g  to
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m a c h in e  code.  The  R e lm a t h  language  a l l o w s  t h i s  t r a n s l a t i o n  to  
F O R T R A N  to  be done w i t h o u t  e x te n s iv e  a n a ly s i s  o f  the p ro c e d u re s ,  
and hence i t  p e r m i t s  us to use a s o p h is t i c a te d  o p t i m i z i n g  c o m p i l e r  
t h a t  has a l r e a d y  been deve loped.
T h i s  e x a m p le  shows the v a lu e  o f  d e s ig n in g  the language  to 
m a k e  e f fe c t i v e  c o m p i l i n g  e a s ie r .  B u t  we a l s o  need to deve lop  
b e t t e r  c o m p i l i n g  tech n iq u e s  so th a t  g lo b a l  a n a l y s i s  and  o p t i m i z a t i o n  
w i l l  be e a s ie r  to do.
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V I I .  S U P P O R T  F O R  L A N G U A G E  I M P L E M E N T A T I O N
R e lm a th  s u c c e s s f u l l y  m e e ts  the goa ls  o f  a n u m e r i c a l  
e n g in e e r i n g  language w i t h i n  i t s  a p p l i c a t i o n  a rea .  I t  i s  a n a t u r a l  
and h i g h - l e v e l  language f o r  s ta t i n g  o r d i n a r y  d i f f e r e n t i a l  equa t ions  
to  be so lv e d  and  a l s o  f o r  s ta t i n g  c e r t a i n  a l g o r i t h m s  to c o m p u te  the 
s o lu t i o n s .  I t  i s  e f f e c t i v e  i n  r e d u c in g  the e f f o r t  needed to  so lve  
such equa t ions  and  t h e r e b y  he lps  r e m o v e  a m a j o r  b l o c k  to  the 
g r e a t e r  u t i l i z a t i o n  of  c o m p u t e r s  by  s c ie n t i s t s  and e n g in e e rs .
H o w e v e r ,  a g r e a t  a m o u n t  o f  e f f o r t  was needed to  ach ieve  th is  
r e s u l t .  O th e r  n u m e r i c a l  e n g in e e r in g  languages  have a ls o  r e q u i r e d  
c o n s id e r a b le  e f f o r t  to  im p le m e n t .  R e v ie w in g  th is  e x p e r i e n c e  w i t h  
R e lm a th  has l e d  to  the r e c o m m e n d a t i o n  o f  a p r o g r a m  to deve lop  a 
m o r e  s u p p o r t i v e  e n v i r o n m e n t  f o r  i m p l e m e n t i n g  such languages .
T h i s  e n v i r o n m e n t  w o u ld  s i g n i f i c a n t l y  r educ e  the e f f o r t  and expense 
o f  p r o d u c in g  these  languages .  I t  i n c lu d e s  a b r o a d  p r o c e d u r a l  
language w h ic h  can be s p e c ia l i z e d  and ex tended to s p e c i f i c  
c la s s e s  o f  a l g o r i t h m s .  T h is  c h a p te r  p r e s e n ts  t h is  p r o g r a m .
One of  the goa ls  of  T h o m p s o n  and h is  c o l lea gues  i n  p ro d u c in g  
R E L  has been to p r o v id e  s u p p o r t  f o r  a w id e  c la s s  o f  a p p l i c a t i o n s  
languages ,  i n c lu d in g  some tha t  a r e  no t  n u m e r i c a l  as w e l l  as some 
th a t  a re .  The f a c i l i t i e s  o f  R E L  -  a p a r s e r ,  a pag ing  s y s te m ,  a l i s t  
m a n a g e r ,  and an i n t e r p r e t e r  - can be adap ted  to a s p e c i f i c  language 
by  p u t t in g  i n  the p r o p e r  syn tax  and s e m a n t ic  r o u t in e s .  These  
f a c i l i t i e s  he lp  i n  the d e v e lo p m e n t  of  languages .
- 1 1 6 -
How eν e r ,  t h e r e  i s  one m a j o r  d i f f i c u l t y  i n  us ing  R E L  c u r r e n t l y .  
The s e m a n t i c  r o u t in e s  m u s t  be w r i t t e n  i n  the a s s e m b l e r  language,  
s ince  no c u r r e n t  h i g h e r - l e v e l  p r o g r a m m i n g  language p r o v id e s  
a p p r o p r i a t e  i n t e r f a c e s  to  R E L ' s  s u b ro u t in e s  and data s t r u c t u r e s .  
F O R T R A N  p r o g r a m s  can be used to do p u r e l y  n u m e r i c a l  c a l c u l a ­
t io n s ,  but  these  a r e  a s m a l l  p a r t  o f  a language.  M o s t  o f  R e lm a th 's  
code does s y m b o l i c  m a n ip u la t i o n s  and p r o c e s s i n g  o f  data s t r u c t u r e s  
th a t  a r e  not  e f f i c i e n t l y  r e p r e s e n t e d  i n  F O R T R A N .
P e t e r  S z o lo v i ts  i s  c u r r e n t l y  des ign ing  and im p l e m e n t i n g  
a language w r i t e r ' s  language f o r  R E L .  T h is  language  w i l l  be used 
to  w r i t e  o th e r  R E L  languages .  I t  a l l o w s  the i m p l e m e n t e r  to  w r i t e  
the s y n ta x  o f  h i s  language.  He can a l s o  w r i t e  the code f o r  the 
s e m a n t ic  r o u t in e s  i n  a p r o g r a m m i n g  language r o u g h l y  s i m i l a r  
to P L / I .  H o w e v e r ,  t h is  language in c lu d e s  data types  such as l i s t  
e le m e n ts  and pages tha t  a r e  p e c u l i a r  to  R E L .  I t  a ls o  gen e ra te s  
code w i t h  R E L ' s  c a l l i n g  c on v e n t ions .  Thus ,  i t  has i m p l i c i t  
k now ledge  o f  the R E L  e n v i r o n m e n t  and  s p e c i f i c a l l y  su p p o r ts  
w r i t i n g  R E L  languages .
R E L  c u r r e n t l y  i s  a v a i l a b le  to on ly  a few people .  We need 
a s y s te m  th a t  i s  g e n e r a l l y  a v a i l a b le  w i t h  the sam e  fu n c t io n  as R E L  -  
to  p r o v id e  s u p p o r t  to i m p l e m e n t e r s  o f  a p p l i c a t io n s  languages.
T h is  s y s te m  w o u ld  in c lu d e  a p r o g r a m m i n g  language tha t  s p e c i f i c a l l y  
sup p o r ts  w r i t i n g  the a p p l i c a t i o n  language r o u t in e s  to  r u n  in  the 
sy s te m .
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U s in g  th is  s y s te m ,  we can then i m p l e m e n t  a bas ic  n u m e r i c a l  
language.  T h is  language w i l l  not  s u p p o r t  any s p e c i f i c  a p p l i c a t i o n s  
o r  have any  o p e r a to r s  to  so lve  s ta n d a rd  p r o b le m s .  I t  w i l l  a l l o w  
w r i t i n g  s u b ro u t in e s  i n  a p r o c e d u r a l  language s i m i l a r  to F O R T R A N  
o r  P L / I .  I t  w i l l  have the usua l  data types ,  such as s c a la r s ,  f u n c t io n s ,  
and a r r a y s ,  and a l s o  a r r a y  fu n c t io n s .  T a b u la r  f u n c t io n s  w i l l  be 
m a n ip u la b le  as f u n c t io n s  r a t h e r  than as a r r a y s ,  and i t  w i l l  be 
p o s s ib le  to set  a f u n c t io n ' s  va lue  at  a po in t .  I t e r a t i o n  i s  a c o m m o n  
techn ique  th a t  needs m o r e  s u p p o r t  than tha t  p r o v id e d  by a DO 
s ta te m e n t ;  f o r  in s ta n c e ,  t h e r e  shou ld  be a n o ta t io n  f o r  the 
p r e v io u s  and nex t  va lu e s  o f  a v a r i a b le .
Ths m o s t  i m p o r t a n t  d i f f e r e n c e  f r o m  c u r r e n t  la nguages  i s  tha t  
equa t ions  w i l l  be d i r e c t l y  r e p r e s e n t a b le  and w i l l  be r e w r i t a b l e  in  
some s ta n d a rd  f o r m s ,  j u s t  as R e lm a th  r e w r i t e s  d i f f e r e n t i a l  
equa t ions  i n  the f o r m  z '  = f ( t ,  z). A  n u m e r i c a l  a l g o r i t h m  f o r  s o lv ing  
equa t ions  g e n e r a l l y  a s s u m e s  th a t  they  have been s ta ted  i n  some 
f o r m  so tha t  the s ig n i f i c a n t  e n t i t i e s  a r e  is o la te d .  The a l g o r i t h m  is  
s ta ted  i n  t e r m s  o f  these s ig n i f i c a n t  s c a la r s ,  f u n c t io n s ,  o r  w h a te v e r .
A  p r o c e d u r e  to  im p l e m e n t  th is  a l g o r i t h m  shou ld  be ab le  to have 
the in p u t  equa t ions  r e w r i t t e n  in  t h is  s t a n d a rd  f o r m .
Some p a r t s  o f  the r e w r i t i n g  o p e r a t o r  i n  R e lm a th  a r e  needed i n  
o th e r  types  o f  p r o b le m s .  F o r  in s ta n c e ,  s y s te m s  o f  equa t ions  o f ten  
have m a n y  nam es  f o r  the unknowns ;  these m u s t  be c o l l e c t e d  in to  
a s in g le  unknown v e c t o r  to f i t  the f o r m  of n u m e r i c a l  a l g o r i t h m s .
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I t  i s  o f ten  n e c e s s a r y  to have the equat ions in  a f o r m  l i k e  z '= f ( t  , z) 
w h ic h  is  so lv e d  f o r  some v a r i a b l e ,  o r  i n  a f o r m  l i k e
w h e re  the c o e f f i c i e n t s  o f  c e r t a i n
v a r i a b l e s  a r e  i s o la te d .  These  r e a r r a n g e m e n t s  a r e  c o m m o n  to 
m a n y  p r o b le m s .  O th e rs  a r e  m o r e  s p e c ia l i z e d .  In  a d i f f e r e n t i a l  
equat ion,  h i g h e r - o r d e r  d e r i v a t i v e s  a r e  r e p la c e d  by new v a r i a b le s  
to reduce  the equa t ion  to  a f i r s t - o r d e r  s ys tem .  T h is  o p e ra t i o n  
i s  p a r t i c u l a r  to r e w r i t i n g  d i f f e r e n t i a l  equa t ions .
Thus ,  we expec t  the p r i m i t i v e  r e w r i t i n g  o p e r a t o r  to  have 
s e v e r a l  p a r t s  i n  i t s  im p l e m e n t a t i o n .  I t  w i l l  be ab le  to c o l l e c t  
s e v e r a l  nam es  i n to  a v e c t o r  w h en  p r o c e s s i n g  a s y s te m ,  to r e a r r a n g e  
equa t ions  i n  o r d e r  to m a tc h  c e r t a i n  f o r m s ,  and to e s t a b l i s h  a 
c o r re s p o n d e n c e  be tween  c e r t a i n  nam es  in  th e  f o r m s  and e x p r e s s io n s  
i n  the equa t ions .  I t  m a y  a l s o  be ab le  to p e r f o r m  c o m p le x  c a l c u l a ­
t ions  i t s e l f ,  such as s o lv in g  a n o n l i n e a r  s y s te m  to m a tc h  a l i n e a r  
f o r m ,  bu t  such c a l c u la t i o n s  m u s t  be c o n t r o l l a b l e .  F i n a l l y ,  i t  w i l l  
be ab le  to  do some s p e c ia l i z e d  t r a n s f o r m a t i o n s  f o r  p a r t i c u l a r  
types  of  equa t ions ,  such as r e d u c in g  d i f f e r e n t i a l  equa t ions  to  f i r s t  
o r d e r .
The o p e r a t o r  w i l l  be in v o k e d  i n  a p r o c e d u r e  by  som e syn tax  
such as " R E W R I T E  EQ  IN  F O R M  Z '  = F ( T ,  Z)."  A d d i t i o n a l  c lauses  
c o u ld  c o n t r o l  op t io n a l  t r a n s f o r m a t i o n s  th a t  a r e  not  a lw a y s  app l ied .
I f  the o p e r a t o r  c o u ld  not  f i t  the equa t ions  to the f o r m ,  th is
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p r o c e d u r e  w o u ld  no t  be used to  so lve  the equa t ions  and an o th e r  
w o u ld  be t r i e d .  Hence,  the type of  the equa t ions  c o u ld  be used 
to  s e le c t  an a p p r o p r i a t e  p r o c e d u re .
A n o t h e r  i m p o r t a n t  f e a tu re  o f  the base la nguage  i s  tha t  i t  w i l l  
be e x te n s ib le .  T h is  w i l l  p e r m i t  the c o n s t r u c t i o n  o f  good s y n ta x  to 
c a l l  the s ta n d a rd  n u m e r i c a l  p r o c e d u r e s  and o f  h i g h e r - l e v e l  
p r o c e d u r a l  languages f o r  v a r i o u s  c la s s e s  o f  a l g o r i t h m s .  We w a n t  
the p o w e r  to  de f ine  a language s i m i l a r  to the R e lm a th  p r o c e d u r a l  
language by th is  m eans ,  a l though  i t  i s  no t  n e c e s s a r y  to d u p l i c a te  
R e lm a th .  The t r a n s l a t i o n  to the base language w o u ld  be done 
by  the e x te n s io n  m e c h a n is m s  and d e f in i t i o n s ,  w h e re a s  R e lm a th  
has a f i x e d  p r o g r a m  to  t r a n s l a t e  i t s  p r o c e d u r e s  to F O R T R A N .
We do no t  expec t  the e n g in e e r  o r  s c i e n t i s t  who  w o u ld  use such 
a s y s te m  to  m a k e  g re a t  use o f  the e x te n s io n  c a p a b i l i t i e s .  These  
c a p a b i l i t i e s  p e r m i t  the la nguage  to be changed.  The u s e r  does no t  
have the t r a i n i n g  o r  i n t e r e s t  to m ak e  ex tens iv e  changes i n  h is  
language.  He i s  c o n c e rn e d  w i t h  s o lv in g  p a r t i c u l a r  p r o b le m s ,  not  
w i t h  the c o n s t r u c t i o n  o f  l i n g u i s t i c  t o o ls .  The language i m p l e m e n t e r ,  
h o w e v e r ,  i s  c o n c e rn e d  w i t h  the language and has the s k i l l  to change 
i t  to f i t  the u s e r s '  r e q u i r e m e n t s .  We t h e r e f o r e  expec t  th a t  the 
e x te n s io n  c a p a b i l i t i e s  w i l l  be used p r i m a r i l y  by  i m p l e m e n t e r s  to 
c o n s t r u c t  h i g h e r - l e v e l  languages.
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B a s in g  these languages  on a s in g le  language has some o the r  
advan tages .  A  s ing le  c o m p i l e r  f o r  the base language can s u p p o r t  
the o th e r s  as w e l l ,  and so som e e f f o r t  to deve lop  a good c o m p i l e r  
w i t h  c o n s id e r a b le  o p t im i z a t i o n  is  j u s t i f i e d .  The d i f f e r e n t  a p p l i c a t i o n  
la nguages  can i n t e r f a c e  m u c h  m o r e  r e a d i l y  than i f  each one w e r e  
deve loped  in depe nden t l y ,  s ince  they  w i l l  have c o m m o n  data 
s t r u c t u r e s  f o r  s c a la r s ,  a r r a y s ,  fu n c t io n s ,  and the o th e r  e n t i t i e s  
s u p p o r te d  by the base language.  Independen t  languages ,  on the 
o th e r  hand, a r e  l i k e l y  to have data s t r u c t u r e s  tha t  a re  not  c o m p a t ib le .
The s u p p o r t  g iven  by  the bas ic  n u m e r i c a l  language and the 
u n d e r l y i n g  s y s te m  and i t s  language d e v e lo p m e n t  language w i l l  a l s o  
s i m p l i f y  m o d i f i c a t i o n  o f  the a p p l i c a t i o n  languages .  M a n y  m o d i f i c a ­
t ions  c o u ld  be m ade  by the ex tens ion  f a c i l i t y  a lone.  O th e rs  m ig h t  
r e q u i r e  add ing  new ro u t in e s  to  the base language.  F o r  exam p le ,  
one such m o d i f i c a t i o n  w o u ld  be to in c lu d e  c h e m ic a l  com pounds  and 
equa t ions  i n  a la nguage  l i k e  R e lm a th .  Then  c h e m ic a l  equa t ions  
c o u ld  be c o n v e r t e d  to  d i f f e r e n t i a l  equa t ions  i n  som e  cases .  We 
expec t  such m o d i f i c a t i o n s  to be m ade  to  p r o d u c e  s p e c ia l i z e d  
languages  f o r  p a r t i c u l a r  u s e rs .
In  t h i s  c h a p te r  we have  p r e s e n te d  an o u t l i n e  of  a language 
d e v e lo p m e n t  e f f o r t  tha t  w o u ld  s u p p o r t  s p e c ia l i z e d  a p p l i c a t i o n s  
la nguages  f o r  n u m e r i c a l  eng in e e r in g ,  T w o  p a r t s  o f  t h is  e f f o r t  
a r e  the l e a s t  u n d e rs to o d  and r e q u i r e  f u r t h e r  r e s e a r c h .  One is
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the o p e r a t o r  to  r e w r i t e  equa t ions .  T h is  s hou ld  be as b r o a d  as 
p o s s ib le  to  a c c o m m o d a te  m a n y  types  o f  equa t ions  and s ta n d a rd  
f o r m s ,  and i t  w i l l  be d i f f i c u l t  to  ach ieve  th is  b read th .  The second 
i s  the e x te n s io n  c a p a b i l i t y .  T h i s  m u s t  a ls o  be b road ,  and i t  m u s t  
be p o s s ib le  to c o m p i l e  the r e s u l t i n g  p r o g r a m s .
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V I I I .  AS S E S S M E N T A N D  R E C O M M E N D A T IO N S
W i th  o u r  e x p e r ie n c e  w i t h  R e lm a th  and o th e r  la nguages ,  we can 
now a s sess  the s ta tus  o f  s p e c ia l i z e d  la nguages  f o r  n u m e r i c a l  
e n g in e e r in g  p r o b l e m s  r e l a t i v e  to the t o p ic s  d i s c u s s e d  i n  t h is  t h e s is  
and p r e s e n t  r e c o m m e n d a t io n s  f o r  t h e i r  f u r t h e r  d ev e lop m en t .  
B a s i c a l l y ,  these  la nguages  a l r e a d y  g r e a t l y  enhance t h e i r  u s e r s '  
a b i l i t y  to  so lve  some s ta n d a rd  p r o b l e m s ,  such as o r d i n a r y  d i f f e r e n ­
t i a l  equa t ions .  These  a r e  some needed im p r o v e m e n t s ,  w h ic h  
w i l l  be p r e s e n te d  soon, bu t  the e x a m p le s  o f  R e lm a th  and o th e r  
la nguages  show t h e i r  us e fu lnes s .  H o w e v e r ,  new concep ts  a r e  
r e q u i r e d  to i n c r e a s e  the s u p p o r t  g iv en  to the im p l e m e n t a t i o n  of  
these  languages  and to  i n c r e a s e  t h e i r  c a p a b i l i t i e s  to  e x p re s s  
p r o c e d u r e s  n a t u r a l l y .
We w i l l  d i s c u s s  th is  a s s e s s m e n t  f u r t h e r ,  b e g in n in g  w i t h  
the a re a s  w h ic h  do no t  r e q u i r e  ex tens iv e  new concep ts  f o r  language 
des ign  o r  im p l e m e n t a t i o n .  In  t e r m s  of  the t o p ic s  p r e s e n te d  
e a r l i e r ,  these a re a s  a r e  language d es ign  as i t  r e l a t e s  to s t a n d a rd  
p r o b le m s ,  n u m e r i c a l  m e th ods ,  and pag ing .
Language  f e a tu re s  to f a c i l i t a t e  s o lv in g  s ta n d a rd  p r o b le m s  
f o r  w h ic h  w e l l - k n o w n  and e f fe c t i v e  n u m e r i c a l  techn iques  e x i s t  
a r e  w e l l - d e v e lo p e d .  R e lm a th  p e r m i t s  o r d i n a r y  d i f f e r e n t i a l  
equa t ions  to be s ta ted  i n  a n a t u r a l  s t y le  us ing  n o r m a l  m a t h e m a t i c a l  
n o ta t io n  and  to  be so lv e d  by  s im p le  and d i r e c t  s ta te m e n ts .  I t  shows
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tha t  languages  des igned  i n  a c c o rd a n c e  w i t h  the g e n e ra l  p r i n c i p l e s  
g iv en  i n  c h a p te r  3 -  th a t  c o m p u ta t io n s  c o m m o n  to  a l l  p r o b l e m s  
s hou ld  be m ade  i m p l i c i t  i n  the la nguage  and th a t  the s y n ta x  and 
s e m a n t i c s  s hou ld  be n a t u r a l  - do enhance the u s e r s '  p r o b l e m  
s o lv in g  c a p a b i l i t i e s .  O th e r  languages  a r e  a p p l i c a b le  i n  a s i m i l a r  
w a y  to o th e r  p r o b l e m  c la s s e s .
T h e r e  a r e  s t i l l  some l i n g u i s t i c  i m p r o v e m e n t s  tha t  c o u ld  be 
m ade.  These  in c lu d e  the p r o c e s s i n g  o f  h a n d - d r a w n  t w o - d im e n s io n a l  
in p u t  and g r e a t e r  i m p l i c i t  s y m b o l i c  m a n ip u la t i o n  when i t  i s  needed 
to  d e r i v e  e x p r e s s io n s  r e q u i r e d  by b e t t e r  n u m e r i c a l  techn iques .
These  p r o b l e m s  a r e  t r e a t e d  by  i s o l a t e d  p r o g r a m s  now, bu t  these  
p r o g r a m s  have no t  been i n t e g r a t e d  w i t h  languages  f o r  s o lv in g  
n u m e r i c a l  p r o b l e m s .  A  g e n e ra l  a n a ly s i s  o f  s u b s c r i p t  e x p r e s s io n s  
i n  s y s te m s  of  equa t ions  r e q u i r e s  ded uc t i ve  techn iques ,  w h ic h  a r e  
no t  c u r r e n t l y  e c o n o m ic a l .  A c c e p ta n c e  o f  re a s o n a b le  l i m i t s  on 
these  s u b s c r i p t s ,  im p r o v e m e n t s  i n  p a t t e r n  r e c o g n i t i o n  and s y m b o l i c  
m a n ip u la t i o n  p r o g r a m s ,  and  t h e i r  i n t e g r a t i o n  w i t h  p o w e r fu l  
languages  w i l l  y i e l d  m o r e  use fu l ,  though  r e s t r i c t e d ,  n u m e r i c a l  
e n g in e e r in g  languages .  R e m o v a l  o f  a l l  r e s t r i c t i o n s  w i l l  a w a i t  
g r e a t  i m p r o v e m e n t s  in  p a t t e r n  r e c o g n i t i o n  and  ded uc t ion  a l g o r i t h m s .
To i m p l e m e n t  a la nguage  tha t  p r o v id e s  a b u i l t - i n  p r o c e d u r e  
f o r  s o lv in g  a c la s s  o f  s t a n d a rd  p r o b le m s ,  we o b v io u s ly  need a 
n u m e r i c a l  m e th o d  t h a t  r e l i a b l y  so lves  p r o b le m s  in  t h i s  c la s s .
Such m e th ods  e x i s t  f o r  some p r o b l e m  c la s s e s ,  such as o r d i n a r y
- 1 2 4 -
d i f f e r e n t i a l  equat ions  and l i n e a r  s y s te m s ,  bu t  f o r  o th e r  c la s s e s  
new and m o r e  r e l i a b l e  m e th ods  a re  needed. These  m e th ods  m a y  
r e q u i r e  c o m b in in g  s e v e r a l  m o r e  r e s t r i c t e d  techn iques  w i t h  
a p p r o p r i a t e  l o g i c  f o r  de c id in g  w h ic h  w o u ld  be bes t  to use in  
p a r t i c u l a r  c i r c u m s t a n c e s .
O u r  a n a ly s i s  o f  pag ing  shows tha t  la nguages  r u n  i n  a pag ing  
e n v i r o n m e n t  s hou ld  be p r o p e r l y  im p l e m e n t e d  so tha t  page f a u l t s  
a r e  m i n i m i z e d .  R e lm a th  was w r i t t e n  w i t h  c a r e f u l  c o n s id e r a t i o n  to  
t h i s  goa l .  I f  the o p e ra t i n g  s y s te m  m a k e s  r e le v a n t  p a r a m e t e r s  o f  
the e n v i r o n m e n t ,  such  as the n u m b e r  o f  a v a i l a b le  page f r a m e s  and 
the page r e p la c e m e n t  a l g o r i t h m ,  a c c e s s i b l e  to the language 
p r o c e s s o r ,  then  the pag ing  can be o p t im iz e d  i n  c r i t i c a l  s ec t ion s  
of  the c o m p u ta t io n s .  Eve n  i n  s y s te m s  w h ic h  do no t  a l l o w  access  
to  these p a r a m e t e r s ,  the i m p l e m e n t e r  can s t i l l  use w h a t  i n f o r m a t i o n  
he has about  the pag ing  to a v o id  d i s a s t r o u s  o p e ra t i o n a l  b e h a v io r .
T h is  a c t io n  r e q u i r e s  some a t te n t io n  to  the d e ta i l e d  c h a r a c t e r i s t i c s  
o f  the c o m p u ta t io n s ,  bu t  no new concep ts  a r e  needed.
We now t u r n  to those  a re a s  w h e r e  new concep ts  a r e  needed:  
s u p p o r t  f o r  la nguage  i m p l e m e n t a t i o n  and p r o c e d u r e s .  We have 
seen th a t  s p e c ia l i z e d  n u m e r i c a l  e n g in e e r i n g  languages  g r e a t l y  
r e d u c e  the p r o g r a m m i n g  e f f o r t  needed to  so lve  p r o b l e m s  and t h e r e b y  
in c r e a s e  the a b i l i t y  o f  e n g in e e rs  and s c ie n t i s t s  to u t i l i z e  c o m p u t e r s  
e f f e c t i v e l y .  H o w e v e r ,  l i t t l e  has been done to  l e s s e n  the p r o g r a m m i n g  
e f f o r t  needed to im p l e m e n t  these  languages .  The  expense o f  t h is
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e f f o r t  has b lo c k e d  t h e i r  f u r t h e r  d ev e lop m en t .  We need an 
e n v i r o n m e n t  th a t  i s  w i d e l y  a v a i l a b le  to s u p p o r t  such i m p l e m e n t a t i o n  
e f f o r t s .  R e lm a th  was  w r i t t e n  w i t h i n  the R E L  s y s te m ,  w h ic h  was 
des igne d  f o r  t h is  p u rpo s e .  H o w e v e r ,  m o r e  e a s i l y  used s y s te m s  tha t  
g ive  m o r e  s u p p o r t  to  n u m e r i c a l  la nguages  a re  needed.
W i t h  r e s p e c t  to p r o c e d u r e s ,  R e lm a th  has a p r o c e d u r a l  
language  tha t  i s  v e r y  s u p p o r t i v e  o f  a r e s t r i c t e d  c la s s  o f  a l g o r i t h m s .  
P r o c e d u r e s  w r i t t e n  i n  t h is  la nguage  can be c o m p i l e d  by a h ig h l y  
e f f e c t i v e  o p t i m i z i n g  c o m p i l e r .  The c e n t r a l  p r o b l e m  i s  to ex tend  
these b e n e f i t s  to  o th e r  t ypes  o f  a l g o r i t h m s .
In  the l a s t  c h a p te r  we  p r e s e n te d  an a p p ro a c h  to bo th  o f  these  
p r o b l e m s .  A  s y s te m  s i m i l a r  to  R E L  bu t  w i t h  a h i g h e r - l e v e l  
la nguage  f o r  w r i t i n g  r o u t in e s  i s  to  be deve loped.  Then  a bas ic  
n u m e r i c a l  language  w i l l  be im p le m e n t e d .  I t  w i l l  be e x te n s ib le  
and w i l l  have  a p r i m i t i v e  o p e r a t o r  to  r e w r i t e  equa t ions  in to  
s t a n d a rd  f o r m s .  The language i m p l e m e n t e r  w i l l  use these 
c a p a b i l i t i e s  to c o n s t r u c t  m o r e  s p e c ia l i z e d  la nguages  f o r  v a r i o u s  
types  o f  p r o b l e m s  and v a r i o u s  u s e r s .  These  languages  w i l l  i n c lu d e  
h ig h l y  s u p p o r t i v e  p r o c e d u r a l  sub languages ,  l i k e  R e lm a th ' s ,  but  
f o r  o th e r  c la s s e s  o f  a l g o r i t h m s .  A  s in g le  o p t im i z i n g  c o m p i l e r  
c o u ld  c o m p i l e  p r o c e d u r e s  w r i t t e n  i n  these la nguages  e f f e c t i v e l y ,  
s ince  they  w i l l  a l l  be ex tens ions  o f  the same bas ic  n u m e r i c a l  
language.  T h i s  c o m m o n  base w i l l  a l s o  f a c i l i t a t e  i n t e r f a c i n g  the 
m o r e  s p e c ia l i z e d  languages .
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T h is  a p p ro a c h  w i l l  be d i f f i c u l t ,  s ince  the equa t ion  r e w r i t i n g  
o p e r a to r ,  the e x t e n s i b i l i t y ,  and the c o m p i l e r  r e q u i r e  new c o m p u t e r  
s c ie nce  concep ts .  H o w e v e r ,  the success  o f  t h i s  p la n  w o u ld  p r o v id e  
a base f o r  the r e l a t i v e l y  easy  d e v e lo p m e n t  of  la nguages  s p e c ia l i z e d  
to  n u m e r i c a l  e n g in e e r i n g  p r o b l e m s .  The a v a i l a b i l i t y  o f  m o r e  
languages  of  t h is  t ype  w i l l  f u r t h e r  i n c r e a s e  the n u m e r i c a l  p r o b l e m  
s o lv in g  c a p a b i l i t i e s  o f  s c ie n t i s t s  and en g in e e rs .
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